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Abstract 

We present a detailed algebraic study of the N = 2 cohomological set-up describing the 
balanced topological field theory of Dijkgraaf and Moore. We emphasize the role of iV = 2 
topological supersymmetry and st(2, IR) internal symmetry by a systematic use of superfield 
techniques and of an s 1(2, IR) covariant formalism. We provide a definition of N = 2 
basic and equivariant cohomology, generalizing Dijkgraaf's and Moore's, and of N = 2 
connection. For a general manifold with a group action, we show that: i) the N = 2 basic 
cohomology is isomorphic to the tensor product of the ordinary N = 1 basic cohomology 
and a universal sl(2,R) group theoretic factor: ii) the affine spaces of N = 2 and N = 1 
connections are isomorphic. 

PACS no.: 0240, 0460, 1110. Keywords: Topological Field Theory, Cohomology. 
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0. Introduction 

Topological quantum field theories are complicated often fully interacting local renor- 
malizable field theories, yet they can be solved exactly and the solution is highly non 
trivial. Expectation values of topological observables provide topological invariants of the 
manifolds on which the fields propagate. These invariants are independent from the cou- 
plings and to a large extent from the interactions between the fields. At the same time, 
topological field theories are often topological sectors of ordinary field theories. In this way, 
they are convenient testing grounds for subtle non perturbative field theoretic phenomena. 
See f. i. refs. [1-3] for an updated comprehensive review on the subject and complete 
referencing. 

N = 1 cohomological topological field theories have been the object of intense and 
exhaustive study. They can be understood in the framework of equivariant cohomology of 
infinite dimensional vector bundles [4-9] and realized as Mathai-Quillen integral represen- 
tations of Euler classes [10-13]. The resulting formalism is elegant and general and covers 
the important case where the quotient by the action of a gauge symmetry group is re- 
quired. Each of these models describes the differential topology of a certain moduli space, 
depending on the model considered: the field theoretic correlation functions of topological 
observables correspond to intersection numbers on the moduli space. 

N = 2 cohomological topological field theories were discovered quite early [14-17], 
but they did not arouse much interest until recently when it became clear that they might 
provide important clues in the analysis of S duality in supersymmetric Yang-Mills theory 
and in the study of the world volume theories of .D-branes in string theory. 

In ref. [18], Vafa and Witten performed an exact strong coupling test of S duality 
of N = 4 supersymmetric 4-dimensional Yang-Mills theory by studying a topologically 
twist of the model yielding an N = 2 cohomological field theory. They showed that 
the partition function is Z(r) = J2k akex v(27TiTk), where au is the Euler characteristic 
of the moduli space of k instantons, and tested S duality by analyzing the modularity 
properties of Z(r). Their work, inspired by the original work of Yamron [14], was soon 
developed and refined in a series of papers [19-24]. In ref. [25], Bershadsky, Sadov and 
Vafa showed that the three N = 2 cohomological topological field theories obtained by the 
non topological twistings of N = 4 supersymmetric 4-dimensional Yang-Mills theory arose 
from curved 3-branes embedded in Calabi-Yau manifolds and manifolds with exceptional 
holonomy groups. Their analysis was continued and further developed in refs. [21,26-28], 
where the connection with higher dimensional instantons was elucidated. In ref. [29], Park 
constructed a family of Yang-Mills instantons from D-instantons in topological twisted 
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N = 4 supersymmetric 4-dimensional Yang-Mills theory. In ref. [30], Hofman and Park 
worked out a 2-dimensional N = 2 cohomological topological field theory as a candidate for 
covariant second quantized RNS superstrings, which they conjectured to be a formulation 
of M theory. 

All the endeavors mentioned above, and many other related ones, which we cannot 
mention for lack of space, show that N = 2 cohomological topological field theories are 
relevant in a variety of physical and mathematical issues. In spite of that, the body of 
literature devoted to the study of the geometry of such models is comparatively small. In 
ref. [17], Blau and Thompson worked out a Riemannian formulation of N = 2 topological 
gauge theory using N = 2 topological superfield techniques. In ref. [31], Dijkgraaf and 
Moore showed that all known N = 2 topological models were examples of "balanced topo- 
logical field theories" and developed a cohomological framework suitable for their study. 
In ref. [21], Blau and Thompson proved the equivalence of their earlier formulation and 
Dijkgraaf s and Moore's. These studies show that the partition function of every N = 2 
topological model calculates the Euler characteristic of some moduli space of vanishing 
virtual dimension. They also indicate that the appropriate cohomological scheme is pro- 
vided by N = 2 basic or equivariant cohomology. The present paper aims at a systematic 
study of the latter developing the ideas of [31]. 

In general, a cohomological topological field theory is characterized by a symmetry 
Lie algebra $j, a graded algebra of fields f and a set of graded derivations on f generating 
a Lie algebra t. In turn, the topological algebra t provides the algebraic and geometric 
framework for the definition of the topological observables [1]. 

As is well-known, in A = 1 cohomological topological field theory, t is generated by 
four derivations /c, <i, /(£), £ G g, of degrees 0, 1, —1, 0, respectively, obeying the 

graded commutation relations (2.1.14), (2.1.15a)-(2.1.15c), (2.1.16), (2.1.17a)-(2.1.17b) 
and (2.1.18a)-(2.1.18c) below, k is the ghost number operator, d is the nilpotent topo- 
logical charge. describe the action of the symmetry Lie algebra g on fields. The 
elements a G f are classified into the eigenspaces P, p G Z, of k. The A = 1 basic degree 
p cohomology of f is defined by 



The A = 1 Weil algebra w, an essential element of the definition of the A = 1 
equivariant cohomology of f, is generated by two g valued fields u, (j) of degrees 1, 2, 
respectively, t acts on w according to (3.1.10a), (3.1.10b), (3.1.11a), (3.1.11b), (3.1.12a)- 
(3.1. 12d) below. 



j(0« = o, /(0« = o, £g , 

da = 0, a = a + d/3, G 



(0.1) 
(0.2) 
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k, d, j(£), 1(0 can be organized into two N = 1 topological superderivation 

H = k — 9d, (0.3) 
HO =J(0 + 01(0, (0-4) 

The Lie algebra structure of t is compatible with the underlying N = 1 topological su- 
persymmetry, since the relevant commutation relations can be written in terms of the 
superderivations H, /(£) . Similarly, u>, 4> can be organized into the q valued superfield 

W = u + 6(<I)-\[u,lo\). (0.5) 

The action of t on w can be written in terms of the superderivations H, and the 
superfield W in a manifestly N = 1 supersymmetric way. 

Analogously, in N — 2 cohomological topological field theory, t is generated by seven 
graded derivations u A , A= 1,2, tAB, A, B = 1, 2, symmetric in A, B, k, dA, A = 1,2, j(0, 
j'a(C)) A = 1,2, 1(0, £ G g, of degrees —1, 0, 0, 1, —2, —1, 0, respectively, obeying the 
graded commutation relations (2.2.16a)-(2.2.16c), (2.2.17a)-(2.2.17j), (2.2.18a)-(2.2.18c), 
(2.2.19a)-(2.2.19f), (2.2.20a)-(2.2.20f) below. The u A are a sort of homotopy operators 
and constrain the co ho mo logy of f, defined shortly, to an important extent. The tAB and 
k are the generators of the internal sl(2, R) © M symmetry Lie algebra of t. The dA are 
the nilpotent topological charges. j(0, Ja(0i KO describe the action of the symmetry 
Lie algebra g on fields. The elements a G f are classified into the eigenspaces f 1 ' 35 , n G N, 
p G Z, of the invariants c, k of the internal algebra sl(2, M) © R. The N = 2 basic type n, p 
cohomology of f is defined by 

m<* = 0, j A (Z)a = 0, /(O« = 0, £g , (0-6) 
d A a = 0, a = a+\e KL d K d L (3, (3 G f 1 ' p_2 7 « g (0.7) 

It is possible to show, using the basic relation [dA, «b] = + ^ab^), that this coho- 

mology is trivial for p ^ ±n + 1. 

The N = 2 Weil algebra w, entering the definition of iV = 2 equivariant cohomology, is 
generated by four q valued fields u A , A = 1, 2, 4>ab, A, B = 1, 2, symmetric in A, £?, 7, p^, 
A = 1,2, of degrees 1, 2, 2, 3, respectively, t acts on w according to (3.2.10a)-(3.2.10h), 
(3.2.11a)-(3.2.11h), (3.2.12a)-(3.2.121). 

ua, tAB, k, dA, j(0i 3a(£), 1(0 can be organized into two N = 2 topological su- 
perderivation 

h a = u a + \e K (t AK - e AK k) - \t KL e K e L d A , (0.9) 
HO = m + o K JK (0 + \e KL e K e L m, i g . (0.10) 
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The Lie algebra structure of t is compatible with the underlying N = 2 topological su- 
persymmetry, since the relevant commutation relations can be written in terms of the 
superderivations Ha, 1(0- Similarly, uja, 4>ab, 1, Pa can be organized into the g valued 
superfield 



The action of t on w can be written in terms of the superderivations Ha, and the 
superfield W in a manifestly N = 2 supersymmetric way. 

In the first part of this paper, we study the topological algebra t and the Weil algebra 
w abstractly both in the N = 1 and in the N = 2 case. We show that their structure is 
essentially dictated by rather general requirements of closure and topological supersym- 
metry, called stability conditions, which can be defined for any value of N. In this way, 
we show that all these algebraic structures can be derived from a single universal model 
independent notion and also suggest an obvious method for generalizing them to higher 
values of N. In the second part of the paper, we define basic and equi variant co homo logy, 
abstract connections and the Weil homomorphism both in the N = 1 and in the N = 2 
case and study some of their properties. Finally, in the third part of the paper, we study 
the cohomology of manifolds carrying a right group action and show that, in this important 
case, the N = 2 type (k, k + 1) basic cohomology is isomorphic to the tensor product of 
the N = 1 degree k basic cohomology and the completely symmetric tensor space ^ 2 
and that the affine spaces of N = 2 and N = 1 connections are isomorphic. 

Throughout the paper, we stress the role of topological supersymmetry, also because 
we feel that, on this score, confusing claims have appeared in the literature. This has 
allowed us to discover the derivations ua and k introduced above, which are not mentioned 
in ref. [31], but which are required by N = 2 topological supersymmetry and constrain 
structurally the N = 2 cohomology. 

The definition of N = 2 basic cohomology given above is more general than that used 
in ref. [31], which is limited to the important case where n = 1. In our judgement, this 
definition is more appropriate, yielding the aforementioned fundamental relation between 
the N = 1 and N = 2 basic cohomologies of manifolds with a right group action. 

This paper is organized as follows. In sect. 1, we introduce and precisely define the 
crucial notion of stability. In sect. 2, we show that both the N = 1 and N = 2 topological 
algebras can be derived in a model independent way by imposing non degeneracy and 
stability. In sect. 3, we show similarly that non degeneracy and stability allow to obtain 



W = u A + e K (<j>AK + zakI - \[u A , u K ]) + ^mnO m 9 n ( - 2p A - e KL [u K , (Pal] 




(0.11) 
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in abstract fashion both the N = 1 and N = 2 Weil algebra. In sect. 4, we define the 
relevant notions of N = 1 and N = 2 basic cohomology, highlighting their similarities and 
differences. In sect. 5, we study the Weil superoperation and its cohomology. In sect. 6, 
we define N = 1 and N = 2 abstract connections, equivariant cohomology and the related 
Weil homomorphism. In sect. 7, we apply our algebraic set up to study the cohomology 
of manifolds carrying a right group action and work out the relation between N = 1 and 
N = 2 cohomology. Finally, sect. 8 outlines future lines of inquiry. 

1. Superalgebras, supermodules and stability 

1.1. Z graded algebras and the corresponding superalgebras 

All the vector spaces, algebras and modules considered in this section are real and Z 
graded. If s is such a space, we denote by s fc the subspace of s of degree k E Z. If s = s°, s 
is called ungraded. 

Let N E N. Let 6 A , A = 1, • • • , AT, be a A-uple of Grassmann odd generators which 
are conventionally assigned degree —1: 



e A e B + e B e A = o, a,b = i,---,n-, dege A = -i, a = i,---,n. (1.1.1) 



The 9 A generate a Grassmann algebra Ajy[0]. 

Let a be a Z graded algebra. The N super algebra A^v associated to a is the graded 
tensor product algebra 



with the canonical Z grading. 
1.2. Stability 

In this subsection, we introduce the notion of stability, which will play an important 
role throughout this paper. 

Let u and a be an ungraded real vector space and a Z graded real algebra, respectively. 
Let T = {T r \r E R} be a finite subset of Hom(u, Ajv). 

Definition 1.2.1. T is called stable if: 
i) for r E R, there is p T r E Z such that, for all x E u, T r (x) E A P N r ; 
ii) for x E u, x 0, the T r (x) are linearly independent; 

Hi) there are constants k r Ar S EM, r, s E R, A = 1, • • • , N, such that, for x E u, 



A N = Ajv[0]<S>a 



(1.1.2) 



d A T r (x) = k Ar S T s (x), 



rER, A= N, 



(1.2.1) 
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where 8 a = d/89 A . 
If u is an algebra, it is also required that: 

iv) there are constants g T rs t r, s, t G R, such that, for x, y G u, 

T r (x)T s (y) = g r rs t T t {xy), r, s G R. (1.2.2) 

For x G u, denote by T(x) the linear span of the T r {x). Then, by the above, T(x) is 
stable under &a- Further, when u is an algebra, T(x)T(y) C T(xy). 
The following remarks are in order. 

a) By ii above, if u 7^ 0, the constants k r Ar S are uniquely determined; further, when u 
is an algebra and uu 7^ 0, the g T rs t , also, are uniquely determined. 

b) By grading reasons, when u 7^ 0, 

k T Ar s = 0, unless p T r - p T s + 1 = 0; (1.2.3) 
further, when u is an algebra such that uu 7^ 0, 

g r rs t = 0, unless p T r + p T s - p T t = 0. (1.2.4) 

c) As 8a9b + 9b9a = 0, one has 

h r Arh r Bt S + ^Br^At 8 = 0, (1.2.5) 

when u^0; further, if u is an algebra, being dAT r (x)T s (y) + (— l) p r T r (x)dAT s (y) = 
g T rs t dAT t (xy) by (1.2.2), one has further 

^ Ar U g^ us + ( — 1) P T k 1 As" g 1 ' ru = g 1 ' rs U k J ' Au \ (1.2.6) 

when uu 7^ 0. 

d) If u is an algebra, there are further constraints on the g T r s t coming from such prop- 
erties as associativity, Jacobi relations, etc., when they hold. 

Usually, the constraints (1.2.3)-(1.2.6), are so stringent that, given some extra non 
singularity assumptions, allow the determination of the k T Ar s and g T rs t , up to the natural 
equivalence relation associated to the non singular linear redefinition of the T r . 

Let a be Z graded real algebra. Let H = {H r \r G R} be a finite subset of A^. 

Definition 1.2.2. 7i is called stable, if, defining 

T n r (x) = xH r , i£l, (1-2.7) 
T n = {T n r \r G R} is a stable subset of Hom(R, An) as defined above. 
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We denote by H the linear span of the H r . Then, H is a subalgebra of A N . 

Let u, a, e, q be an ungraded real algebra, a Z graded real algebra, an ungraded real 
left u module and a Z graded real left a module algebra, respectively. Let T = {T r \r G R}, 
M. = {Mi\i G 1} be stable subsets of Hom(u,Ajv) and Hom(e, Qjv), respectively. Let 
C G Q° N such that d A C = 0. 

Definition 1.2.3. We say that T acts C-stably on M on the left if: 
i) if C 7^ 0, then for m G e, C is linearly independent from the Mi(m); 
ii ) for x G u, 

T r (x)C = 0; (1.2.8) 

Hi) there are constants c™^ G K, r G R, i, j G /, and bilinear maps (p™ r i : u x e ^ 1, 
r G R, i G / such that, for any x G u and m G e, 

T r (x)M,(m) = c™ ri j M J (xm) + ^™ ri {x, m)C, r G R, iel. (1.2.9) 

When C = above, we say that T acts stably on M. on the left. 

So, for any x G u and m G e, T(x)M(m) C M(xm) © IRC. 
Note the following. 

a) By the above definition, if ue 7^ 0, the constants c MT r ^ are uniquely determined; 

also, if C 7^ 0, the maps <p™ r i are uniquely determined. 
6) By grading reasons, when ue 7^ 0, 

c™ ri j = 0, unless p r r + p M l - p M j = 0; (1.2.10) 

similarly, when C 7^ 0, 

V?™™^, m) = 0, unless p T r + p M l = 0. (1.2.11) 

c) As, by (1.2.9), <9 A T r (x)M z (m) + (-l) pT r T r (x)d A M l (m) = c™ ri j d A M J (xm), one has 

k T Ar s c™ s S + (-iy T rh M Al k c™ rk i = c™ ri k k M Ak i, (1.2.12) 

when ue 7^ 0; further, as (T r (x)T s (y))Mi(m) = T r (x)(T s (y)Mi(m)), 

9 T rs t c™ u j ~ c™ si k c™ rk i = 0, (1.2.13) 

9 T rs t <P™ti(xy,m) - c™ si j <p™ rj (x,ym) = 0, (1.2.14) 

when ue 7^ 0, C 7^ 0, respectively. 

Usually, the constraints (1.2.10)-(1.2.14), are so stringent that, given some extra non 
singularity assumptions, allow the determination of the c™ r ^ and (p™ ri , up to the 
natural equivalence relation associated to the non singular linear redefinition of the T r and 

Let a, e, q be an ungraded real algebra, an ungraded real vector space and a Z graded 
real left a module algebra, respectively. Let H = {H r \r G R} : M. = {M^i G /} be stable 
subsets of Aat and Hom(e, Qat), respectively. 
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Definition 1.2.4. We say that H acts stably on M, if T n (cfr. def. 1.2.2) acts 
stably on M. as defined above, where e has the structure of R module corresponding to that 
of real vector space. 

1.2. The N=l,2 cases 

In this paper, we concentrate on the cases N = 1,2. In this subsection, we introduce 
notation suitable for these special N values. 
Let a be a Z graded real algebra. 

Let N = 1. In this case, one can set 6 1 = 6 for simplicity. If X G for some p E Z, 
then X is of the form 

X = x + 6x (1.3.1) 

with x e a p and x G a p+1 . Note that 

x = X\ &=Q . (1.3.2) 

Denoting 9 = 8/ 86, we define 

X = 8X. (1.3.3) 

Clearly, X G Af +1 . Indeed, 

X = x. (1.3.4) 

Let N = 2. If X G for some p G Z, then X is of the form 

X = x + 6 A x A + \e KL 6 K 6 L x (1.3.5) 

with x G a p , G a p+1 and x G a p+2 1 . Note that 

x = X\ e=Q . (1.3.6) 

Denoting 8a = 8/86 A , we define 

X, A = 8 A X. (1.3.7) 

Clearly, X jA G Af +1 . Indeed, 

X jA = x, A + e AK e K x. (1.3.8) 

So, 

x,A = XA| fl=0 . (1-3-9) 



1 The totally antisymmetric symbols e A s, t AB are normalized so that | e 12 1 = |e 12 | = 1 
and e AK e K B = ^bk^ KA = 6%. 
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Finally, we set 

X = \e KL d K d L X. (1.3.10) 

Clearly, X G A^ +2 , as 

X = x. (1.3.11) 

The analysis of stability simplify considerably in the N = 1,2 cases. In the N = 1 
case, stability is an almost trivial notion. For N = 2, this is no longer so. The notion of 
stability is nevertheless useful, since it shows quite clearly in what sense several N = 2 
algebraic structures generalize their N = 1 counterparts. 

2. Fundamental superstructures 

Let d be a Z graded real Lie algebra, i.e. a Z graded real algebra whose product is 
graded antisymmetric. Let g be a real ungraded Lie algebra. 

2.1. The fundamental N=l superstructure 

Proposition 2.1.1. Let H G D°. Assume that the set {H,H} is stable (cfr. def. 
1.2.2). Let H the linear span of this set. Assume that 

[H°, H 1 ] = H 1 . (2.1.1) 

Then, perhaps after substituting H by kH for some suitable k G M. x , one has 

[H,H} = 0, [H,H]=H, 

(2.1.2a) - (2.1.2c) 

[H,H} = 0. 

Proof It is straightforward to check that (2.1.2a)-(2.1.2c) are compatible with the 
graded antisymmetry and Jacobi relations of By stability and grading reasons, one has 
[H\ H J ] C hr +J , where H° = RH, H 1 = RH and hP = else. So, (2.1.2a) holds. Further, 
by stability (cfr. eq. (1.2.2)), 

[H,H]=aH, (2.1.3) 

where o6l. Owing to (2.1.1), a^O. Renormalize H into a -1 !!. Then, one can set a = 1 
in (2.1.3), getting (2.1.2b). Applying d to (2.1.2b), one obtains (2.1.2c). □ 
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Proposition 2.1.2. Let I : g i— > Di be a homomorphism such that 1(g) C Dj~ . 
Assume that the set {1,1} is stable (cfr. def. 1.2.1). For £ G g, let l(£) t/ie linear span of 
the set {!(£), !(£)}. Assume that 

[r\t)Av)] = r\[tM), S,ve* (2-1.4) 

Then, perhaps after substituting I by XI for some suitable Ael x , one /ias 

[AO,^)] = o, /(»/)] = /(K,»/]), 

(2.1.5a) - (2.1.5c) 

Proof. It is straightforward to check that (2.1.5a)-(2.1.5c) are compatible with the 
graded antisymmetry and Jacobi relations of Di. By stability and grading reasons, one 
has [!*(£), P(r,)} C \ i+j ([^,v}), where r\0 = R/(£), = ^(0 and = else. So, 
(2.1.5a) holds. Further, by stability (cfr. eq. (1.2.2)), 

[J(£),J(77)] =«/([£,??]), (2-1.6) 

where aGi Owing to (2.1.4), a ^ 0, if [g, g] 7^ 0, or one can choose a 7^ 0, if [0, g] = 0. 
Renormalize I into a -1 /. Then, one can set a = 1 in (2.1.6), getting (2.1.5b). Applying d 
to this latter relation, one obtains (2.1.5c). □ 

Proposition 2.1.3. Assume that [g,g] 7^ 0. Assume that H and I satisfy the hy- 
potheses of props. 2.1.1 and 2.1.2, respectively. Assume further that {H,H} acts stably 
on {1,1} (cfr. def. 1.2.4). Assume finally that 

[H°,r 1 (0] = r 1 (0, (2.1.7) 

Then, one has 

[#,/(£)] = -/(£), [#,/(£)] = 0, 

(2.1.8a) - (2.1.8d) 

[#,/(£)] = -/(£), [^,/(0] = o, ees- 

Proof It is straightforward to check that (2.1.8a)-(2.1.8d) are compatible with the 
graded antisymmetry and Jacobi relations of Di and with relations (2.1.2a)-(2.1.2c), 
(2.1.5a)-(2.1.5c). By stability and grading reasons, one has [H l ,l J (£)] C l l+J (£), where 
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H*, have been denned above (2.1.3) and (2.1.6), respectively. Taking stability into 
account (cfr. eq. (1.2.9)), one has 



[77,7(£)] = a7(£), [77,7(£)] = 67~(£), (2.1.9), (2.1.10) 

where a,6 6l. By applying 9 to (2.1.9) and using (2.1.10), one gets 

[H,I(t)] = (a-b)i(t). (2.1.11) 



Owing to (2.1.7), a ^ 0. From (2.1.5b) and the Jacobi identity, one has [77, 7([£, 
[[if, 7(0], - [7(0. = °, which, upon using (2.1.9), (2.1.10), gives the relation 

-bl([t,rj\) = 0. As [g,0] ^ and 7(C) ^ for C ^ by stability, 6 = 0. From (2.1.3b) 
and the Jacobi identity, [77,7(£)] - [77, [H,I(£)]\ + [[77, 7(£)], 77] = 0, which, upon using 
(2.1.9)-(2.1.11), gives a(a + 1)7(0 = 0. As g ^ and 7(C) ^ for ( ^ 0, a = -1. 
Substituting the found values of a and 6 into (2.1.9)-(2.1.11), one gets (2.1.8a)-(2.1.8c). 
(2.1.8d) is obtained by applying d to (2.1.8c). □ 

For an arbitrary ungraded Lie algebra g, relations (2.1.2a)-(2.1.2c), (2.1.5a)-(2.1.5c), 
(2.1.8a)-(2.1.8d) define a Z graded real Lie algebra tg. As shown by the above three 
propositions, when g is not Abelian, tg is the unique solution of a suitable set of stability 
and non degeneracy conditions. When g is Abelian, tg is a particular case of a certain class 
of Z graded Lie algebras. We shall not investigate this issue any further. 

Note that tg ~ to =: t. The Z graded real Lie algebra t is called fundamental N = 1 
superstructure of g. It is defined in terms of the four generators h, h, £ € 0, sat- 

isfying relations (2.1.2a)-(2.1.2c), (2.1.5a)-(2.1.5c), (2.1.8a)-(2.1.8d). More customarily, 
one sets 

k = h, d=-h, (2.1.12a), (2.1.126) 

j(o = m, Kt) = m, ees- (2.1.13a), (2.1.136) 

From (2.1.2a)-(2.1.2c), (2.1.5a)-(2.1.5c) and (2.1.8a)-(2.1.8d), one sees that k, d, j and / 
satisfy the relations 

[k,k] = 0, (2.1.14) 

[k, d] = d, 

(2.1.15a) - (2.1.15c) 

IK 3(0} = -3(0, [M(£)] = 0, Ud, 

[d,d]=0, (2.1.16) 
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(2.1.17a), (2.1.176) 



[i(e),i(^)] = o, [i(e),K^)]=iae^]), 

(2.1.18a) - (2.1.18c) 

[1(0, = '([£, »7])» e,^e 5 . 

Note that, by (2.1.14), k generates an ungraded Lie subalgebra 

(2.1.19) 

of t. i is called the internal symmetry algebra of the fundamental N = 1 superstructure t. 
2.2. The fundamental N=2 superstructure 

Proposition 2.2.1. Let H A e D? 1 , A = 1,2. A ssume that the set {H A \A = 1, 2} U 
{H A>B \A,B = 1,2} U {H A \A = 1,2} is stable (cfr. def. 1.2.2). Let H the linear span of 
this set. Assume that 

[H-\H°] = H _1 . (2.2.1) 

Then, perhaps after substituting H A by k a b Hb for a suitable matrix k G GL(2,R), one 
has 

[H A , H b \ = 0, [Ha, H b ,c] = £abHc, 

[Ha, Hb] = —Ha,b, [Ha,c, Hb,d] = £abHc,d — £dcHb,a, (2.2.2a) — (2.2.2/) 
[Ha,c, Hb] = —€bcHa, [Ha, Hb] = 0. 

Proof. It is straightforward to check that (2.2.2a)-(2.2.2f) are compatible with the 
graded antisymmetry and Jacobi relations of D2. By stability and grading reasons, one has 
[H\ H J ] C H i+j , where H" 1 = @ A=1 , 2 RH A , H° = ® A B=12 RH AB , H 1 = ® A=12 RH A 
and hP = else. So, (2.2.2a) holds. Further, by stability (cfr. eq. (1.2.2)), 

[H A , H b ,c] = a AB c K H K , [H A , H B ] = b AB KL H K;L , (2.2.3), (2.2.4) 

where a AB c D ,b AB CD £ K are certain constants. Applying dc to (2.2.2a), one gets 
[Ha,c, Hb] + [H B ,c, Ha] = 0. Substituting (2.2.3) into this relation and exploiting the lin- 
ear independence of the Ha, one has a AB c D +a BA c D = 0, which entails aABC D = ^ab^c D 
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for certain constants qa B £ K. Now, on account of (2.2.1) and (2.2.3), the matrix 
a = (a,A B ) must be invertible. Redefine Ha into (det a)~ 1 a,A K H K . The new Ha sat- 
isfy obviously the same assumptions as the old ones. Further, the new Ha satisfy relations 

(2.2.3) , where, now, by construction, clabc D = £ab$c D ■ In this way, we get (2.2.2b). Next, 
applying d D to (2.2.2b), one gets [H Aj c,H BjD ] + e C D[H A , H B ] = £abH c ,d- From this 
relation, using (2.2.2a), (2.2.2b) and the Jacobi identity, one obtains [H A ,c, [Hb,d, H b ]] — 
[H b ,d, [H a ,c, H e ]] - e CD [[H A , H e ],H b ] - cab \Hc,d, H e ] = 0. Substituting (2.2.2b) and 

(2.2.4) into this identity and exploiting the linear independence of the Ha, one finds that 
bAB CD = Sa C Sb D ■ Substituting this expression back into (2.2.4), one obtains (2.2.2c). 
Next, substituting (2.2.2c) into the relation [Ha,c, Hb,d] = £abHc,d + £dc[Ha, H b ] ob- 
tained earlier, one gets (2. 2. 2d). (2.2.2e) follows from applying dc to (2.2.2c). Finally, 
(2.2.2f) follows from applying d D to (2.2.2e). □ 

Proposition 2.2.2. Let I : g i— > D 2 be a linear map such that 1(g) C D^~ 2 . Assume 
that the set {1,1} U {I, A \A = 1,2} is stable (cfr. subsect. 1.3). For (eg, let l(£) be the 
linear span of {/(£), U {I,a(0\A = 1, 2}. Assume that 

[r 2 (Z)Av)] = r\[ZM), Z,ve* (2-2.5) 

Then, perhaps after substituting I by XI for a suitable A G M x , one has 



[/(O, /(??)] = 0, [I(0,I,a(v)] = 0, 

[I(0,I(V)]=I(^V]), [I, A (OJAv)]=eA B m,v]), (2.2.6a) - (2.2.6/) 

[j,a(o, hv)] = i Ait, v]), m, Hv)] = m v]), c,v^d. 

Proof. It is straightforward to check that (2.2.6a)-(2.2.6f) are compatible with the 
graded antisymmetry and Jacobi relations of D2. By stability and grading reasons, one has 

[!*(£), Hv)] C \ i+j ([^,v]), where \~ 2 (0 = RT(0, = 0^=1,2*^(0. |0 (0 = K/(0 

and = else. So, (2.2.6a), (2.2.6b) hold. Further, by stability (cfr. eq (1.2.2)), one 
has 

[I(ai(v)]=al([^,v]), (2.2.7) 

where oGi Owing to (2.2.5), a 7^ 0, if [g, g] 7^ 0, or one can choose a 7^ 0, if [g, g] = 0. 
Renormalize, / into a -1 /. Then, one can set a = 1 in (2.2.7), getting (2.2.6c). Applying 
d B to (2.2.6b) and using (2.2.6c), one gets (2.2.6d) readily. Applying successively 8a and 
d A d B to (2.2.6c), one gets (2.2.6e), (2.2.6f). □ 
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Proposition 2.2.3. Assume that [g, g] 7^ 0. Assume that H and I satisfy the hy- 
potheses of props. 2.2.1 and 2.2.2, respectively. Assume further that {H A \A = 1,2} U 
{H AiB \A,B = \,2}\J{H a \A = \,2} acts stably on {1,1} U {/ A \ A = 1,2} (cfr. def. 1.2.4). 
Assume finally that 

[H°,r 2 (0] = r 2 (0, (2.2.8) 

Then, one has 

[ff A ,I(O] = 0, [H A ,I iB (ti)] = e AB I(t), 



[H A ,I(Z)] = 0, [H A , B ,I(0] 

[H AC JM0] = e AB I,c(0, [H A ,bJ(0] 

[H A ,m)] = -lA0, [H A ,I,b(0] 
[H A J(t)] = 0- 



= 0, (2.2.9a) - (2.2.9z) 

= e AB I(0, 



Proof. It is straightforward to check that (2.2.9a)-(2.2.9i) are compatible with the 
graded antisymmetry and Jacobi relations of D2 and with (2.2.2a)-(2.2.2f), (2.2.6a)- 
(2.2.6f). By stability and grading reasons, [H*, l J (C)] Q where HP and have 

been defined above (2.2.3) and (2.2.7), respectively. So, (2.2.9a) holds. Further, by stability 
(cfr. eq. (1.2.9)), 

[#A, =a A K e KB I{i) [H A J(Z)} = b A K I, K (£), (2.2.10), (2.2.11) 

where a A B \b A B E R. Applying d c to (2.2.9a) and (2.2.10), and using (2.2.10), (2.2.11) to 
cast the relations so obtained, one gets further 

[H AtB , 1(0} = a A K e KB I(0, [H A ,c, I,b(0] = a A K e KB I, c (0 + e BC b A K I, K (0- 

(2.2.12), (2.2.13) 

Now, from (2.2.6e) and the Jacobi identity, [[H A , I,b(0]J(v)] ~ [J,b(0 A h a, Hv)}} ~ 
[H A ,I iB ([^r]})} = 0. Substituting (2.2.10), (2.2.11) into this relation and using (2.2.6e), 
one obtains b A K €kb v]) = 0. As 7^ and 7^ for ( 7^ by stability, one 
has b A B = 0. Next, from (2.2.2b) and the Jacobi identity, one has [H Ai c, [Hd,I,b(€)]\ — 
[H d ,[H a , c ,I,b(Z)]] ~ e AD [H c JM0] = 0. Substituting (2.2.10), (2.2.12), (2.2.13) into 
this relation, one gets — e A ot BK [— ac L aL K + aL L ac K — ac K ]I(0 = 0. Since 7^ and 
/(C) 7^ for C 7^ 0, — a A K aK B + clk K c a b — a A B = 0. It is a simple algebraic exercise to 
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show that there are only two 2 by 2 real matrices satisfying this relation: cla b = and 
a,A B = Sa b - The first solution is not admissible, because, by (2.2.12), it would violate 
(2.2.8). So, the second holds. By substituting the values of cla b and 1>a B thus found in 
(2.2.10)-(2.2.13), one gets (2.2.9b)-(2.2.9e). (2.2.9f) follows from applying d B to (2.2.9c). 
(2.2.9g) follows from applying dc to (2.2.9d) and using (2.2.9e) to express the result. 
Applying successively d B and d B dc to (2.2.9g), one gets (2.2.9h), (2.2.9i). □ 

For an arbitrary ungraded Lie algebra g, relations (2.2.2a)-(2.2.2f), (2.2.6a)-(2.2.6f), 
(2.2.9a)-(2.2.9i) define a Z graded real Lie algebra tg. As shown by the above three 
propositions, when q is not Abelian, tg is the unique solution of a suitable set of stability 
and non degeneracy conditions. When g is Abelian, tg is a particular case of a certain 
class of Z graded Lie algebras. We shall not investigate this matter any further. Note the 
analogy to the N = 1 case. 

Note that tg ~ to =: t. The Z graded real Lie algebra t is called fundamental N = 2 
superstructure of g. It is defined in terms of the six generators Ha, h AjB , h A , *,.a(£)> 
? £ fl satisfying relations (2.2.2a)-(2.2.2f), (2.2.6a)-(2.2.6f), (2.2.9a)-(2.2.9i). To 
make contact with ref. [31], one sets 

tAB = h A ,B + h B ,A, k = € KL h K ,L, 

(2.2.14a) - (2.2. 14d) 

UA = tlA, d,A = -h,A, 

m = m, m(o = m(o, m = m, uq- (2.2.15a) - (2.2.15c) 

From (2.2.2a)-(2.2.2f), (2.2.6a)-(2.2.6f) and (2.2.9a)-(2.2.9i), one sees that t AB , k, u A , 
d>A, ji 3 A and / satisfy the relations 



[tACi *S£>] = tABtcD + ^CB^AD + ^AD^BC + ^CD^BA-, 

[k,t AB } = 0, [k,k] = 0, 



(2.2.16a) - (2.2.16c) 



[t A C, U B ] = 6 AB U C + tCBUA, [k, U A ] = -U A , 

[tAC, dB] = tABdc + CCBdA, [k, d A \ = d A , 

[tAB, m] = 0, [k,m] = -2j(0, (2.2.17a) - (2.2.17 j) 

[tAC,3B(0] = e A Bjc(0 + £cb3a{€)i %3a{^)\ = ~3a(0i 

[*W(£)] = 0, [k,l(Z)} = 0, £eg, 
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[u A ,U B ]=0, [d A ,U B ] = \{tAB + tABk), 

[d A ,d B ] = 0, 



(2.2.18a) - (2.2.18c) 



[W(£)] = o, 



[dA,m]=Mt)> 



(2.2.19a) - (2.2.19/) 



[dA,j B {t)] 



^0, 



(2.2.20a) - (2.2.20/) 



Mt)Av)]=3A{[tM) 



[Kt)Av)] = K[tM), 



Note that, from (2.2.16a)-(2.2.16c), £ab, k generate an ungraded Lie subalgebra 



of t. i is called the internal symmetry algebra of the N = 2 fundamental superstructure t 
and plays an important role. 

3. The Weil algebra 

Let d be a Z graded real Lie algebra. Let z be a Z graded real left d module algebra 
with unity 1, where the action of d on z is derivative, i. e. it obeys the graded Leibniz 
rule. Finally, let g be an ungraded real Lie algebra. 

3.1. The N=l case 

Proposition 3.1.1. Assume that [fl, ^ 0. Assume that H and I satisfy the 

hypotheses of props. 2.1.1 and 2.1.2, respectively. Let W : g v i— > Zi be a homomorphism 
such that W(g v ) C Z\. Suppose {W, W} is stable and that {H,H} and {1,1} act stably 
and 1-stably on {W, W} (cfr. defs. 1.2.3, 1.2.4), respectively, the module action of g on 
g v being the coadjoint one. For [i G g v , denote by W(//) the linear span of {W(fi), W(fi)}. 
Assume that 



i ~*l(2,R) ©R 



(2.2.21) 



r 1 (0w 1 ( / i) = m, 



(3.1.1) 
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for some £ G g, for fixed \i G g v , \i 7^ 0, and for some \i G g v , /or fixed £ G 0, £ ^ 0. 
Finally, suppose that 

l°(OW 1 (^)=W 1 (ad v ^), (3.1.2) 

/or £ G and /i G j v . Then, after perhaps redefining W into W o f for some invertible 
linear map f : g v 1— > g v and viewing W as an element of ~L\ ® g, one has 

HW = W, HW = 2W, 

(3.1.3a) - (3.1.3d) 

HW = -W, HW = 0, 



I(S)W = S, mw=-[£,w], 

(3.1.4a) - (3.1.4d) 

Ht)W=-[t,W], I(Z)W = -[Z,W], £G . 

Proof. It is straightforward to check that (3.1.3a)-(3.1.3d) and (3.1.4a)-(3.1.4d) 
are compatible with relations (2.1.2a)-(2.1.2c), (2.1.5a)-(2.1.5c) and (2.1.8a)-(2.1.8d). 
By stability, 1-stability and grading reasons, H¥(/i) C \N l+J (p) and l*(0W J '(//) C 
W i+J '(ad v £/z) ©IWi+^ol, where H* and P(£) are given above (2.1.3) and (2.1.6), respec- 
tively, and \N\p) = RW(fj), \N 2 (jjl) = RW(ji) and W*^) = 0, else. We note further that 
HI = and = as if and act as derivations and l 2 = 1. By stability (cfr. eq. 

(1.2.9)), one has thus 

HW(fj) = aW(fj), HW(fji) = bW(jj), (3.1.5), (3.1.6) 

where a, b G R. Further, by 1-stability (cfr. eq. (1.2.9)), one has 

I(Z)W(n) = <p(£, ijl), HOWifi) = cW(ad v ^), (3.1.7), (3.1.8) 

where (p : g x g v 1— > R is a bilinear map and c G R. Next, from (2.1.8a), one has 
the relation ([#,/(£)] + 7(f)) W(aO = 0, which, upon using (3.1.5), (3.1.7), gives (1 - 
a)<p(£,n) = 0. As <p ^ 0, by (3.1.1), (3.1.7), a = 1. Next, by (3.1.2), (3.1.8), c ^ 0. 
From (2.1.5c), one has the relation ([/(£), I(rj)] - /([£, rj\))W(jji) = 0, which, using (3.1.8), 
yields c(c + 1) W(ad v [f, 77]^) = 0. As, c ^ and [g, [g,g]] ^ and W{v) ^ for z/ ^ 
by stability, one has c = —1. Next, we write </?(£, /z) = (/z, 0(£))> where : g 1— > g is a 
linear map, which on account of (3.1.1), (3.1.7) is invertible. From (2.1.5b), one has the 
relation ([/(£), I(v)} - I([t,v]))W(fi) = 0, which, using (3.1.7), (3.1.8), gives the relation 
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(At, [<!>(£), v] ~ <!>([£, V])) = °- s °, [0,adr7] = 0. Redefine W into W o After doing 

so, (3.1.7) holds with = (a*, £)> while (3.1.8) is formally invariant. In this way, 

one obtains (3.1.4a), (3.1.4c). (3.1.4b) follows from applying d to (3.1.4a) and using 
(3.1.4c). (3.1.4d) follows from applying d to (3.1.4c). Next, by (2.1.8c), one has the 
relation [[H, /(£)] + I(£)]W(fi) = 0, which, by using (3.1.6), (3.1.4a)-(3.1.4c) gives -(b + 
l)W(ad v ^) = 0. As ^ and W(u) ^ for v ^ 0, b = -1. By substituting the 
values of a and 6 thus found into (3.1.5), (3.1.6), one gets (3.1.3a). (3.1.3c). (3.1.3b) 
follows from applying d to (3.1.3a) and using (3.1.3c). (3.1.3d) follows from applying d to 
(3.1.3c). □ 

For an arbitrary ungraded Lie algebra g, relations (3.1.3a)-(3.1.3d), (3.1.4a)-(3.1.4d) 
define a Z graded real left module algebra of the graded real Lie algebra tg (cfr. subsect. 
2.1). As shown by the above propositions, when [0, [g, g]] 7^ 0, is the unique solution of 
a suitable set of stability and non degeneracy conditions. Else, is a particular case of a 
certain class of Z graded left module algebra of tg. 

Note that wg ~ w =: w. w is called N = 1 Weil algebra of g and is a Z graded 
real left module algebra of the fundamental N = 1 superstructure t of g (cfr. subsect. 
2.1). It is defined in terms of the generators 1, w, w and the derivations h, h, ?(^), 
^ G g, satisfying relations (3.1.3a)-(3.1.3d), (3.1.4a)-(3.1.4d). However, in the standard 
treatment, w is usually presented as follows. Define 

u = w, (j) = w+(l/2)[w,w}. (3.1.9) 

Then, one has 

ku = u, hcj) = 2(j), (3.1.10a), (3.1.106) 

dw = 0- (1/2) [u, u], d0=-[w,0], (3.1.11a), (3.1.116) 

i(ev = e, i(O0 = o, 

(3.1.12a) - (3.1. 12d) 

l(£V = -[£,a/], KC)0=-[e,0], ees, 



where fe, d, j, / are given by (2.1.12a), (2.1.12b), (2.1.13a), (2.1.13b). Note that u> is just 
another name for w. <fi is by construction 'horizontal', i. e. satisfying (3.1.12b). 

3.2. The N=2 case 



19 



Proposition 3.2.1. Assume that [q, [$,$]] ^ 0. Assume that H A , A = 1,2, and I 
satisfy the hypotheses of props. 2.2.1 and 2.2.2, respectively. Let Wa '■ V Z 2 , A = 1, 2, 
be homomorphisms such that W(g v ) C T\. Suppose that {Wa\A = 1,2} U {Wa,b\A, B = 
1,2}U{W A \A = 1,2} is stable and that{H A \A = 1, 2}U{H a ,b\A, B = 1,2}U{H A \A = 1,2} 
and {I J} U {I, A \A = 1,2} act stably and 1-stably on {W A \A = 1,2} U {W AjB \A, B = 
1,2}U {W^|^4 = 1,2} (cfr. defs. 1.2.3, 1.2.4), respectively, the module action of g on 
g v being the coadjoint one. For [i G g v , denote by W(/i) the linear span of {W A {[i)\A = 
1, 2} U {W AB (v)\A, B = 1,2}U {W A (ji)\A = 1,2}. Assume that 

r 1 (OW 1 ( M ) = Rl, (3.2.1) 

for some £ G g, for fixed [i G g v , |i ^ 0, and for some \i G g v , for fixed £ G 0, £ ^ 0. 
Finally, suppose that 

l°(OW 1 (^)=W 1 (ad v ^), (3.2.2) 

/or £ G g and G g v . Then, after perhaps redefining W A into \ a b Wb ° / /or some matrix 
A G GL(2,R) and invertible linear map f : g v i— > g v and viewing W as an element of 
Z2 <E> 0, one /las 

H A W B = 0, ^aWb.c = -e BC W A , 

H A W B = -W a ,b ~ W B , A , H AjC W B = -e B cW A , 

H a ,cW b ,d = e C BW AjD - t DC W B , A , H AjC W B = -e BC W A - e AC W B , 

H A W B = -W B , A , H A W B a = e A cW B , 



(3.2.3a) - (3.2.3i) 



H A W B = 0, 

I(Z)W A = 0, mW A , B = e AB ^, 

I(OW A = -[£, W A ], I, A (OW B = e AB ^ 

I,a(OWb,c = ~e AC % W B ], I,a(OWb = -[£, W b ,a], (3.2.4a) - (3.2.4.) 

mw A = -k, w A ], mw A , B = -te, w A , B \, 

i(Z)w A = -[t,w A ], £g . 
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Proof. It is straightforward to check that (3.2.3a)-(3.2.3i) and (3.2.4a)-(3.2.4i) are 
compatible with relations (2.2.2a)-(2.2.2f), (2.2.6a)-(2.2.6f) and (2.2.9a)-(2.2.9i). By sta- 
bility, 1-stability and grading reasons, one has H l \N j ((j,) C \N t+J (/j) and I* '(£)\N j (fj) C 
W i+J '(ad v ^//)©lEWi + j ) ol, where H* and P(£) are given above (2.2.3) and (2.2.7), respectively, 
and WV) = ® A=h2 RW A (fi), W 2 (^) = © AB=li2 K%M, W 3 (^) = ® A=h2 RW A ^) 
and W*(/x) = 0, else. We note further that Ji^l = and /(£) 1 = as H A and /(£) act as 
derivations and l 2 = 1. Thus, by stability, (3.2.3a) holds and one has 

H A , c W B (ii) = a AB c K W K (ii), H A W B (ii) = b AB KL W K ,M, (3.2.5), (3.2.6) 

where ci A bc C \b AB CD £ R- Further, by 1-stability, (3.2.4a) holds and one has 

I, A (0W B (ri = <PA B (Z,fi), H0W A ((i) = c A K W K (zd v ^), (3.2.7), (3.2.8) 

where (p A B : x g v i— > R is a bilinear map and c A B £ R. Now, by (2. 2. 2d), ([.ff^c, H b ,d] — 
€ A bHc,d + cdcHb, A )We(ij>) = 0. Upon substituting (3.2.5) into this relation, one ob- 
tains (a AE c K aBKD L - a B ED K a AK c L + e AB acED L - £dc(ibea L )W l (ijl) = 0. Since the 
W A (u) are linearly independent for v ^ 0, a AE c K a BK D F ' - a BE D K a AK c F ' + e AB a C ED F ' - 
£dcUbea F = 0. As is easy to see, this relation implies that the matrices a AB = (a A c B D ) 
form a 2 dimensional representation of the Lie algebra sl(2, R) © R. A simple Lie al- 
gebraic analysis shows that either i) a AB c D = —^bc^a D — ^AC a ^B D or ii) a AB c D = 
—tAC^E up to equivalence, where a,a A B G R. From (2.2.9e), one has the relation 
([H a ,c,I,b(Z)] ~ £A B I,c(t))W D (n) = 0, which upon using (3.2.5), (3.2.7), entails that 
—uadc K <£bk(£,, lA — £ab<£cd(£,, aO = 0. Substituting the expression of cl A cb D found 
above into this identity, one gets after some simple rearrangements aip AB {^,y) = in 
case i and (p AB (^ 7 fi) = in case ii. As (p AB cannot vanish by (3.2.1), (3.2.7), only case 
% with a = can occur. So, a AB c D = —£bc£>a D ■ Using this expression, one sees then 
that €c£>if AB (£, /i) - €ab<Pcd(€,IJ) = 0, which implies that (p AB {£,fJ,) = e A B<p{£,fJ,) for 
some bilinear map (p : g x $j v i— > R. Next, by (3.2.2), (3.2.8), the matrix c = (c A B ) is 
invertible. From (2.2.6f), one has the relation [[/(£)> I(v)} ~ v])]Wa(p) = 0, which, 
using (3.2.8), yields c A K {c K L + 6 K L )W L (a,d w [£, rf\n) = 0. As, c is invertible, [g, [g,g]\ ^ 
and the W A (v) are linearly independent for v ^ 0, one has c A B = —S A B . Next, we write 
(p(£, fx) = (fj,, 0(C))) where : g i— > g is a linear map, which on account of (3.2.1) is invert- 
ible. From (2.2.6e), one has the relation ([/ a(£)> A 7 ?)] ~~ ? ?]))^s(A t ) = 0? which, using 
(3.2.7), (3.2.8), gives the relation e AB {fi, [<!>(£), v] -<!>([€, v])) = °- So > [<^ad??] =0. Redefine 
W into W o (f)^- 1 . After doing so, (3.2.7) holds with <p(£,fji) = (//,£), while (3.2.8) is for- 
mally invariant. In this way, one obtains (3.2.4d), (3.2.4g). By applying d B to (3.2.4a) and 
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using (3.2.4d), one obtains (3.2.4b). Applying d c to (3.2.4d) and using (3.2.4g), one ob- 
tains (3.2.4e). Applying dc to (3.2.4b) and using (3.2.4e), one gets (3.2.4c). Applying d B , 
dads to (3.2.4g), one gets (3.2.4h), (3.2.4i), respectively. Applying do to (3.2.4e) and using 
(3.2.4h), one gets (3.2.4f). Next, by (2.2.9h), ([jf A , J B (£)] ~ e AB I(0)W c ^) = 0. Using 
(3.2.6), (3.2.4d), (3.2.4e), (3.2.4g), this yields (e AB S c K + b AC KL e LB ) W K {&& V ^) = 0. As 
[&, fl] 7^ an d the W A {v) are linearly independent for v ^ 0, one has b A B CD = —S a d 8b C ■ 
Substituting the expressions of a A sc D and b A B CD obtained into (3.2.5), (3.2.6), one ob- 
tains (3.2.3d), (3.2.3g). By applying d B to (3.2.3a) and using (3.2.3d), one obtains (3.2.4b). 
Applying d D to (3.2.3d) and using (3.2. 3g), one obtains (3.2.3e). Applying d D to (3.2.3b) 
and using (3.2.3e), one gets (3.2.3c). Applying dc, dc.dc to (3.2.3g), one gets (3.2.3h), 
(3.2.3i), respectively. Applying d E to (3.2.3e) and using (3.2. 3h), one gets (3.2.3f). □ 

For an arbitrary ungraded Lie algebra g, relations (3.2.3a)~(3.2.3i), (3.2.4a)-(3.2.4i) 
define a Z graded real left module algebra \nq of the graded real Lie algebra to (cfr. subsect. 
2.2). As shown by the above proposition, when [g, [g, g]] 7^ 0, wq is the unique solution of 
a suitable set of stability and non degeneracy conditions. Else, w<9 is a particular case of a 
certain class of Z graded left module algebra of t#. Note the analogy to the N = 1 case 

Note that w# ~ w =: w. w is called N = 2 Weil algebra of g and is a Z graded real 
left module algebra of the fundamental N = 2 superstructure t of g (cfr. subsect. 2.2). It 
is defined in terms of the generators 1, w A , w Aj b, w a of the derivations h A , h A B, h A , 

i e satisfying relations (3.2.3a)-(3.2.3i), (3.2.4a)-(3.2.4i). To make contact 
with ref. [31], we shall present w as follows. Define 

LO A =W A , (f) AB = \{WA,B + W B ,A + [W A , W B \), 
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\ e KL 
2 fc 



w k ,l, Pa = ~\w A - \e KL [w K , w AjL ] 



1 ,-FsTL 
6 fc 



[w K , [w L ,w A ]]. 



(3.2.9a), (3.2.96) 



Then, one has 



t A C^B = tAB^c + €CBWA, 



ku A = U) A , 



tAc4>BD = CAb4>CD + ecB<j>AD + £Ad4>BC + £Cd4>BA, k(j) AB = 2(j) AB , 



tABl = 0, 



fc-y = 27, 



tACPB = tABPC + £cbPa, 



kp A = Sp A , 



(3.2.10a) - (3.2.10a) 
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u A u B = 0, 



ua4>bc = 0, 



UAl = -UA, U A PB = <PAB, 

d A u)B = ~h[vA, wb] + 4>ab - cabI, d A 4>BC = ~[va, 4>bc] + ^abPc + ^acPb, 



dAl = -^[oja,i] + Pa 

+ \e KL [u) K , 4>la - Mvl, wa]], 



dApB = ~[wa,Pb] - o e [^KaAlb], 



j(0<t>AB = 0, 

mpA = o, 

jA(0<pBC = 0, 



K€) u 'a = 

i(07 = -K,7], 



= -[£,pa], ^b, 



(3.2.11a) - (3.2.11/i) 



(3.2.12a) - (3.2.12/) 



where £a,b, fc, «a, <Ia, j, Ja, I are given by by (2.2.14a)-(2.2.14d), (2.2.15a)-(2.2.15c). 
Note that uja is just another name for wa- 7 contains the information about KaWb not 
exhausted by </>ab. By construction $ab and are 'horizontal', i. e. satisfy (3.2.12b), 
(3.2. 12d), (3.2. 12f), (3.2. 12h). 



4. Superoperations and their cohomologies 

Let g be an ungraded real Lie algebra. 

4-1. N=l superoperations and their cohomologies 

Definition 4.1.1. a is called an N = 1 g superoperation if: 
i) a is a Z graded real left module algebra of the fundamental N = 1 superstructure t of 

q (cfr. subsect. 2.1); 
ii) the action of ' t on a is derivative; 

Hi) a is completely reducible under the internal symmetry algebra i oft (cfr. subsect. 2.1), 
the spectrum of the invariant kof\is integer and the eigenspace a p of k of the eigen- 
value p G Z is precisely the degree p subspace of a. 
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So, a is acted upon by four graded derivations h, h, ?(£), ^ G g, of degree 0, 
+1, — 1, 0, respectively, satisfying relations (2.1.2a)-(2.1.2c), (2.1.5a)-(2.1.5c), (2.1.8a)- 
(2.1.8d), or, equivalently, by four graded derivations k, d, £ G 0, of degree 0, +1, 

-1, 0, respectively, satisfying relations (2.1.14), (2.1.15a)-(2.1.15c), (2.1.16), (2.1.17a)- 
(2.1.17b), (2.1.18a)-(2.1.18c), the two sets of derivations being related as in (2.1.12a), 
(2.1.12b), (2.1.13a), (2.1.13b). 

Proposition 4.1.1. If a^ r \ r = 1,2, are two N = 1 g superoperations, then their 
graded tensor product a = a^dia^ is also an N = 1 g superoperation. 

Proof. Indeed a satisfies the conditions stated in def. 4.1.1. □ 
Let a be an N = 1 q superoperation. 

The pair (a,d) is an ordinary differential complex, as the graded derivation d has 
degree +1 and [d, d] = 0. Its cohomology H*(a), defined in the usual way by 

H p (a) = (kerd n a p )/da p_1 , p G Z, (4.1.1) 

is the ordinary cohomology of the superoperation. Define 

^basic f|kerj(Onker/(0. (4.1.2) 

teg 

By (2.1.17a), (2.1.17b), 3basic is d invariant. So, (abasia ^0 is also a differential complex. 
Its cohomology H* asic (a) 

tf b P asic(a) = (kerrf n a P hasic ) / da p h ~J ic , p G Z, (4.1.3) 

is the basic cohomology of the superoperation. 

Proposition 4.1.2. Each non zero (basic) cohomology class of degree p defines a 1 
dimensional representation of the internal Lie algebra i of invariant p. 

Proof. Set k[x] = [kx] = p[x] for [x] G H p (a) ([x] G -^basic( a )) w ^h arbitrary repre- 
sentative x G a n ' p (x G a^ a g ic ). □ 

Though the above proposition is trivial, it is nevertheless interesting because of its 
non trivial generalization to higher N. 

4-2. N=2 superoperations and their cohomologies 
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Definition 4.2.1. a is called an N = 2 g superoperation if: 
i) a is a Z graded real left module algebra of the fundamental N = 2 superstructure t of 

g (cfr. subsect. 2.2); 
ii) the action oft on a is derivative; 

Hi) a is completely reducible under the internal symmetry algebra i oft (cfr. subsect. 2.2), 
the spectrum of the invariant k of i is integer and the eigenspace a p of k of the eigen- 
value p G Z is precisely the degree p subspace of a. 

So, a is acted upon by six graded derivations }ia, h>A,Bi hA, *,a(£)> £ e S> °f 
degree —1, 0, +1, —2, —1, 0, respectively, satisfying relations (2.2.2a)-(2.2.2f), (2.2.6a)- 
(2.2.6f), (2.2.9a)-(2.2.9i), or, equivalently, by seven graded derivations tAB, k, ua, dA, 
3a(Q> KOi £ e 05 °f degree 0, 0, —1, +1, —2, —1, 0, respectively, satisfying relations 
(2.2.16a)-(2.2.16c), (2.2.17a)-(2.2.17j), (2.2.18a)-(2.2.18c), (2.2.19a)-(2.2.19f), (2.2.20a)- 
(2.2.20f), the two sets of derivations being related as in (2.2.14a)-(2.2.14d), (2.2.15a)- 
(2.2.15c). 

Besides k, i possesses another invariant, namely 

c=-\e KL e MN t KM t LN . (4.2.1) 

An irreducible representation of i is completely characterized up to equivalence by the 
values of c and k, which we parametrize as \{n 2 — 1) and p, respectively, where n G N and 
p G Z. n is nothing but the dimension of the representation. Being completely reducible 
under i, a organizes into irreducible representations of i. We denote by a n ' p the eigenspace 
of c, k of eigenvalues \{n 2 — 1), p, respectively. It follows that a has a finer grading than 
the original one. 

Proposition 4.2.1. If a^ r \ r = 1,2, are two N = 2 g superoperations, then their 
graded tensor product a = a^dia*- 2 -* is also an N = 2 g superoperation. 

Proof Indeed a satisfies the conditions stated in def. 4.2.1. □ 
Let a be an iV = 2 g superoperation. 

The graded derivations dA have degree +1 and satisfy [g^c/b] = 0. So, one may 
define a double differential complex (a,^). We do not define cohomology in the usual 
way, as the standard definition would not be covariant with respect to i. Instead, we 
propose the following definition generalizing that of ref. [31]. The ordinary cohomology 
H*(a) is labelled by the values of the invariants c, k of i and is defined as 

H n ' p (a) = (n A=lt2 kerd A n a n ^)/\e KL d K d L a n ^- 2 , (n,p) G N x Z. (4.2.2) 
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The basic subspace of a is defined as 

a b asic = P| ker j(0 n ru=i )2 ker j A (£) n kerZ(£). (4.2.3) 

teg 

Using (2.2. f 8d)-(2.2.18f), one can show that abasic is (1a invariant. So, (abasio^) is also 
a double differential complex. Its cohomology H ^ asic (a) is defined 

<£ te (a) = (nA=i, 2 ker^ n a^J/Je^d^ 2 , (n,p) eNxZ, (4.2.4) 

where a^ ic = a n,p fl abasic, and is the basic cohomology of the superoperation. 

The (basic) cohomology of any N = 2 superoperation a is structurally restricted, as 
indicated by the following. 

Proposition 4.2.2. One has 

H n ' p (a)=0, forp^+n+1. (4.2.5) 

Similarly, 

#£asic(a) = 0, forp^+n + 1. (4.2.6) 

Proof. It is convenient for the time being to revert to the original basis Ha, hB,c-, 
ho of t, which allows for a more compact notation. Let x G a such that h A x = 0. Using 
(2.2.2b), (2.2.2c), it is easy to show that 

[h A + e KL h K h L , A ]x - ~h A \e KL h K h L x = 0. (4.2.7) 

Apply now Jib to the left hand side of this equation and contract with e BA . After a short 
calculation exploiting (2.2.2c), (2.2.2e), one gets 



1 C KL MN -l h , l c KL h 



x-\t KL ~h K h L \e MN h M h N x = Q. (4.2.8) 



Using the relation h AjB = \{t AB -eABk), following from (2.2.14a), (2.2.14b), and (2.2.14c), 
(2.2.14d) and (4.2.1) in (4.2.8), one gets finally 

c+\(l- (k- l) 2 )] x - \e KL d K d L \e MN u M u N x = 0. (4.2.9) 

If x G a n ' p , (4.2.9) yields 

\[n 2 - (p - l) 2 ]x - \e KL d K d L \t MN u M u N x = 0. (4.2.10) 

(4.2.10) yields (4.2.5) immediately. (4.2.6) follows also from (4.2.10) upon checking that 
for x G abasic, \e MN fiMhNX G abasic as well, by (2.2.9a)-(2.2.9c). □ 
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Proposition 4.2.3. The non trivial elements of H n ' p (a) (H^ ic (a)) fill irreducible 
representations of the internal symmetry algebra i of invariants n, p. 

Proof By (2.2.17c), (2.2.17d), if x E a n > p n n A =i,2kerd A , then t A BX, kx E a n ' p n 
riA=i,2kerd J 4 as well. Further, if x E \t KL dKdL^ n,p ~ 2 \ t A BX, kx E \e KL dKdh^ n,v ~' L \ also. 
One thus defines £ab[#] = [^b#] and k[x] = [kx], for any [x] E H n,p (a) with arbitrary 
representative x E a n,p n ru^^kerd^. This yields the first part of the proposition. The 
statement extends to basic cohomology, by noting that t A sx, kx E a^ ic whenever x E 
a^ ic , by (2.2.17e)-(2.2.17j). □ 

Recall that the only irreducible n dimensional module of i = sl(2, R) © R is the 
completely symmetric tensor space \J n 1 1R 2 up to equivalence. Hence, one has a tensor 
factorization of the form 

H n ' p (a) = K n > p <g> V n_lR2 , (4.2.11) 
«c(a)=^ ic ®V n " 1 K 2 , (4.2.12) 
for certain real vector spaces K n ' p ', -f^basic- 



5. The Weil superoperation and its cohomologies 

Let be an ungraded real Lie algebra. 
5.1. The N = 1 case 

Let w be the N = 1 Weil algebra of g (cfr. subsect. 3.1). Then, w is an N = 1 
g superoperation (cfr. def. 4.1.1) called N = 1 Weil superoperation. Indeed, as shown 
in subsect. 3.1, w is a Z graded real left module algebra of the fundamental N = 1 
superstructure t of g, the action of t on w is derivative and w is obviously completely 
reducible under the internal symmetry algebra i with k acting as the degree operator of w 
by (3.1.10a), (3.1.10b). 

Theorem 5.1.1. H p (w) = forp ^ and 

if°(w)- R - (5.1.1) 
Similarly, -£^b asic (w) = 0, for p ^ 2s with s > 0, and 

tfbLic(w) * (VV) ad v , *>0, (5.1.2) 

where (\/ s g v ) adV denotes the subspace of symmetrized tensor product \/ s g y spanned by 
the elements which are invariant under the coadjoint action of g. 
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Proof. Below, we shall use the following notation. Let r G f\* V <S> V* V - Let £ G n$j, 
rj E g, where n$j is the Grassmann odd partner of 0. We denote by r(£, 77) the evaluation 
of r on ^ p9 > £® p ® Every element z E w is of the form z = r(w,w) for some 

r E f\* V ® \/* V uniquely determined by z. As degw = 1, degw = 2, w p = for p < 
and w° = M. Hence, # p (w) = for p < and H°(w) ~ R, trivially. Let w p>0 = p>o w p . 
w p>0 is acted upon by the graded derivations h, h and two more graded derivations z*, 1* 
of degree —1,0, respectively, defined by 

i*w = 0, i*w = w, 

(5.1.3a) - (5.1.3d) 

i*w = w, «*w = w. 

Identify i*, z* with the linear maps i*(x) = xi*, i*(x) = xi* , Then, h, h, i*, i* satisfy 

relations (2.1.2a)-(2.1.2c), (2.1.5a)-(2.1.5c), (2.1.8a)-(2.1.8d) with g = R. It follows that 
w p>0 is an N = 1 R superoperation. Switch now to the derivations k, d, j*, I* defined 
by (2.1.12a), (2.1.12b), (2.1.13a), (2.1.13b). By (2.1.17a), j* is a homotopy operator for 
d, for /* commutes with j* and d, by (2.1.17b), (2.1.18b), and /* is invertible on w p>0 , 
by (5.1.3c), (5.1.3d) and the definition of w p>0 . Thus, the cohomology of d is trivial on 
w p>o This proves the first part of the theorem. Every element z E Wbasic is of the form 
z = r(4>) for some r E (V*0 V ) a dv fl uniquely determined by z. Indeed, z = r(u,(/)) for 
a unique r E A* V ® V*0 V 5 by an argument similar to that employed earlier, and, by 
(3.1.12a)-(3.1.12d), the basicity conditions j(£)r(u>,(f)) = 0, l(£)r(u, <fi) = imply that 
r has polynomial degree in the first argument and is ad v g invariant. It follows that 
w basic = for p 7^ 2s with s > 0, as deg0 = 2. So, -f^basic( w ) = for p 7^ 2s with 
s > 0. Let s > 0. If 2 = r(0) with r G ( V S V ) ad v fl5 then dz = 0, by (3.1.11b) and 
the ad v invariance of r. Hence, w^ sic n kerd = w^ sic . We thus have a linear injection 
\i : w^ sic fl kerd 1— > ( \/ S V ) a dv given by z h r. As, w b ^j c = 0, /j induces a linear 
bijection A : H^ aic (w) „ ( VVLv fl - □ 

5.2. The N = 2 case 

Let w be the N = 2 Weil algebra of g (cfr. subsect. 3.2). Then, w is an iV = 2 
superoperation (cfr. def. 4.2.1) called N = 2 Weil superoperation. Indeed, as shown 
in subsect. 3.2, w is a Z graded real left module algebra of the fundamental N = 2 
superstructure t of $5, the action of t on w is derivative and w is obviously completely 
reducible under the internal symmetry algebra i with k acting as the degree operator of w 
by (3.2.10a)-(3.2.10h). 
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Theorem 5.2.1. H n 'P(w) = 0, for (n,p) ^ (1,0), and 

H h °(w)-R. (5.2.1) 

Similarly, H^ ic (w) = 0, for (n,p) ^ (1, 0), (2s, 2s + 1) with s > 0, and 

C(w) - R, <£ +1 (w) - (W) ad v fl ® V 2S_1 K 2 , « > 0. (5.2.2a), (5.2.26) 

Proo/. Below, we shall use the following notation. Let r e f\* ($j v <g) ® a M 2 ) ® V* (fl V ® 
& R 2 ). Let ^ 6 ng® (g) a M 2v , 77 G g(g) 6 R 2v . We denote by r(^,?/) the evaluation of 
r on Spg>o^ (glp ® ? 7 <g>9 - The above notation can be straightforwardly generalized to the 
case where there are several £ and 77. Every element z G w is of the form z = r(w, w t , w) 
for some r G A*(0 V ® K 2 ) <g> V*(0 V <E> (g) 2 M 2 ) <8> A*(0 V ® r2 ) uniquely determined by z. 
As degtu^ = 1, degWA, B = 2, deg-uu = 3, w n ' p = 0, for p < 0, and w n>0 = R5 n> il. So, 
£T n >P(w) = 0, for p < 0, and # n <°(w) ~ o^R, trivially. Let W p >0 = n6NiP>o w n ' p . w p>0 
is acted upon by the graded derivations h A , h A , B ■> h A and three more graded derivations 
i, i,A, ? of degree —2, — 1, 0, respectively, defined by 



i*w A = 0, i*w A ,B=0, i*w A =w A , 

i*,AW B = 0, i*, A w B ,c = -ecAW B , i* ,aw b = w b ,a, (5.2.3a) - (5.2. 3i) 

i* WA = WAi i*w A , B = w a ,b, !*w A = w A - 



Identify i*, i* ,a, 2* with the linear maps i*(x) = xi*, i* ,a(x) = xi* ^a, i*(x) = xi* , 
x G K. Then, h A , h A , B , h A , h i,A, * satisfy relations (2.2.2a)-(2.2.2f), (2.2.6a)-(2.2.6f), 
(2.2.9a)-(2.2.9i) with q = R. From this fact, it is easy to see that w p>0 is an N = 2 
K superoperation. Switch now to the derivations tA, B , k, ua, dA, j*, j A , I* defined by 
(2.2.14a)-(2.2.14d), (2.2.15a)-(2.2.15c). By (2.2. 19e), j* A is a homotopy operator for d A , 
for /* commutes with j* a and dA, by (2.2. 19f), (2.2.20e), and /* is invertible on w p>0 , by 
(5.2.3g)-(5.2.3i) and the definition of \n p>0 . Indeed, using (2.2. 19e), (2.2. 19f), (2.2.20e), 
one can show that 



^d K d L , ±e M "j* M j* N \ = -r(r+^Y^L), (5.2.4) 

where, by (2.2. 17g), (2.2. 17h), \t MN j* M fN maps w n > p into w n 'P" 2 . Thus, the cohomology 
of dA is trivial on w p>0 . This proves the first part of the theorem. Let us examine next the 
second part. As w" ,p = 0, for p < 0, and w n '° = R8 n il, as shown earlier, and 1 is obviously 
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basic, w££ ic = 0, for p < 0, and w£;° sic = R8 nA l. Consequently, #££ ic (w) = for p < 0. 
and H£f sic (w) ~ <J n>1 R. On the other hand, by prop. 4.2.2, eq. (4.2.6), H^ ic (w) = for 
p 7^ ±n + 1. So, the only potentially non vanishing cohomology spaces which are left are 
^basic" 1 ^)' n — w hich we shall analyze next. Every element 2 G w basic is of the form z = 
r(<j),p) for some r G ( V*(0 V ®\/ 2 IR 2 )® A*(fl V ®^ 2 )) ad v uniquely determined by 2. Indeed, 
^ = r(w, 7, 0, p), for a unique r G A*(fl V ® R 2 ) <g> V* V ® V*(fl V ® \/ 2 ffi2 ) ® A*(fl V ® ^ 2 ), 
by an argument similar to that employed earlier in the proof, and, by (3.2.12a)-(3.2.121), 
the basicity conditions j(g)r(u;, 7, 0, p) = 0, j A (£)r(u), 7, 0, p) = 0, Z(£)r(a;, 7, 0, p) = 
imply that r has polynomial degree in the first two arguments and is adg invariant. Let 
z = r((j),p) G w^ 1 . From (3.2.10c), (3.2. lOd), (3.2. lOg), (3.2. lOh) and the representation 
theory of i = sl(2, R) ©R, one knows that the total number of internal indices A = 1, 2 and 
the total degree carried by 4>ab, Pa in each monomial of r(0, p) must be n — \-\-2v and n + 1, 
respectively, where 2v is the number of indices contracted by means of e AB . Further, the 
n — 1 uncontracted indices are totally symmetrized. So, the numbers m^, m p of occurences 
of 4>ab-i Pa in a given monomial must satisfy the equations 2m ^ + lm p = n — 1 + 2v, 
2m c j > + 3m p = n + 1. Taking into account that m^, m p are non negative integers, one finds 
that v = 0, rrifj, = s — 1, m p = 1, for n = 2s with s > 1, and v = 1, = s, m p = 0, for 
n = 2s — 1 with s > 2. Thus, the most general z G w^^ 1 is of the form 

z = u Al - A2s - 1 ((j) AlAs ,---,(j) As _ lA2s _ 2 , PA23 _ 1 ), n = 2s, s>l, (5.2.5a) 

Z = \e KL V A -- M ^{(t )Al A 3 _ 1 ,- ■ ■ , <pA a „ 2 A 2a ^<pA 2a _ :i K<pA 2a „ 2 L), Tl = 2s - 1, 8 > 2, 

(5.2.56) 

where u ^i-^2 S -i e ( y 5 " 1 fi v ^ v ) adVfl totally symmetric in A u ■ ■ ■ , A 2s -i, v Al '" Ms ~ 2 G 
( \/ S 2 fl V ® A 2 V ) a d v totally symmetric in Ai, • • • , A 2s - 2 - Suppose now that z G w^j^n 
ru=i,2kerd/i so that z, besides being of the form (5.2.5a), (5.2.5b), satisfies d A z = 0. 
Suppose first that n = 2s. Using (5.2.5a), (3.2.11f), (3.2.11h), the symmetry properties 
and the adg invariance of u Al '" A 2 S -i anc j taking into account that terms with a different 
number of occurences of 4>ab, Pa are linearly independent, the condition d A z = is 
equivalent to the equations 

^AAj-i^ 1 '^ 2s_1 (0am,, • • • , 0A s _ 2 A 2s _ 3 , PA 2s _ 2 , PA 2a -i) = °> (5.2.6a) 
\e KL u A '- A2 ^{^ AlAs , • • • , 0^ s _ 1 a 2s _ 2 , [0ka 2s _ 15 0la]) = 0. (5.2.66) 

As pa is odd and u A ^--- A ^-i j s totally symmetric in A\, ■ ■ ■ , A 2 s-i, (5.2.6a) entails that 
u a 1 —a 2s -i j g totally symmetric in its s arguments. Using this fact and the adg invariance 
of u^i-^s-^ ^ i s eaS y to see that (5.2.6b) is identically satisfied. Hence, u A i— Ar 2s-i e 
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(V S v ) ad v • Conversely, if this holds, then (5.2.6a), (5.2.6b) are fulfilled. The above 
analysis shows that wj^^ +1 n ru=i,2kerdA is precisely the space of the z of the form 
(5.2.5a) with u A ^- A ^-x e (\/ S V ) ad v B totally symmetric in A 1 , ■ ■ ■ , A 2s -i- Thus, we 
have a linear bijection fi : w^ a ^ +1 fl n^i^kerda 1— > ( \/ S V ) a dv ® \/ 2s_1 ^ 2 defined by 
2; I— > (w j4i "' A2s ~ 1 )ai,---,a 2s _i=i,2- We note next that w basi * 1 = 0. Indeed, if 2 = r(0, p) G 
w basic > ^ ne total number of internal indices A = 1, 2 and the total degree carried by 0ab, 
in each monomial of r{<fi,p) must be n — 1 + 2v and n — 1, respectively, where 2z/ is 
the number of indices contracted by means of e AB . So, the numbers m^>, m p of occurences 
of 4>ABi Pa in a given monomial must satisfy the equations 2m^ + lm p = n — 1 + 2z/, 
2m<£ + 3m p = n — 1. Taking into account that m^, m p are non negative integers, one 
finds that there are no solutions for n = 2s with s > 0, so that w?!'^ -1 = as announced. 
Thus, the bijection \i above induces a bijection £1 : H^^ +1 (w) 1— > ( \f s V ) ad v fl ®V 2s_1 
Suppose next that n = 2s — 1. Using (5.2.5b), (3.2.11f), (3.2.11h), the (anti) symmetry 
properties and the adg invariance of v A i— A 2s-2^ ^fie condition cIaz = is equivalent to the 
equation 

(s - 2)e KL € A A a . 2 V Al '" A2s - 2 ((pA 1 A s . 1 ,- ■ ■ , (pA s _ 3 A 2s _ 5 , PA 2s _ A , <pA 2s _ 3 K, <Pa 2s _ 2 l) 
+ V Al "' Ms ~ 2 ((f>A 1 A s _ 1 , • • • , 0A s _ 2 A 2s _4,PA 2s _ 3 , 0A 2s _ 2 A) 

+ e KL e AA2a . 3 v M - A2s - 2 (^A..,, • ' • , 0A._ 2 A 28 _ 4 , P*r, 0a 2s _ 2 l) = 0. (5.2.7) 

Now, apply ub to this relation, using (3.2.11b), (3. 2. lid), and then contract with e BA . 
One gets then ^e KL v Al - A2s - 2 ((f)A 1 A s _ 1 , • • • , 0a s _ 2 a 2s _ 4 0a 2s _ 3 k0a 2s _ 2 l) = 0. So, z = 0. 
We conclude that wj a ^' 2s n n A =i,2^erd A = 0. Thus, #b as 7<!' 2s (w) = as well. □ 

5.3. The relation between the cohomologies of the N = 1 and N = 2 Weil superoper- 
ations 

Let w(n) denote the N = n Weil superoperations, n = 1, 2. 
Corollary 7.3.1. One /ms 

#*>±»+i( w (2)) ~ fl- ± ( n -i)+3( w (i)) ®V n_1 K 2 , (5.3.1) 

<i n+1 (w(2)) * < a ( r l)+l (w(l)) ® V^K 2 - (5-3.2) 

Proof. Combine props. 5.1.1, 5.2.1. □ 
Thus, the N = 1 and N = 2 cohomologies of w are intimately related. 

6. Connections, equivariant cohomology and Weil homomorphism 

Let g be an ungraded real Lie algebra. 
6.1. The N = 1 case 

Let a be an N = 1 g superoperation with unity, i. e. a as an algebra has a unity 1. 
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Definition 6.1.1. A connection a on a is an element of a <8> g satisfying relations 
(3.1.10a), (3.1.12a), (3.1.12c) with oo substituted by a. 

The curvature of a is defined as usual as 

/ = da+ \[a,a\. (6.1.1) 

It is easy to see that / satisfies relations (3.1.10b), (3.1.12b), (3.1.12d) with <p substituted 
by /. In particular, being j(0/ = f° r an y £ 05 / * s horizontal, a, / together fulfill 
(3.1.11a), (3.1.11b). 

We denote by Conn (a) the set of the connections of the N = 1 q superoperation a. 
Conn (a) is an affine space modelled on a 1 <S> Q- 

Proposition 6.1.1. Let r G f\* 53 v ® V* fl V ^ e s^ ^ that, for any connection a E 
Conn(a), r(a, /) is a representative of some element of H^ asic (a) (see above eq. (5.1.3a) 
for the definition of the notation). Then, the basic cohomology class [r(a, /)] is independent 
from the choice of a. 

Proof We follow the methods of ref. [32]. Consider the N = 1 superoperation s 
generated by s, s of degree 0, +1, respectively, with 

h s s = 0, h s s = s, 

(6.1.2a) - (6.1.2d) 

/i s s = — s, /i s 5 = 0, 

i s (O = 0, T(0 = 0, ^Gfl. (6.1.3a), (6.1.36) 

Next, we consider the graded tensor product superoperation s®a and the subalgebra c of 
s®a generated by the elements of the form a(s), h s a(s), a(s), h s a(s), where a : K. i— > a <8> g 
is a polynomial such that, for fixed a G K, a(a) is a connection on a and a(cr) = —ha(a). 
Next, we define a degree derivation q on c by 

qa(s) = 0, ga(s) = — a s a(s), 

(6.1.4a) - (6.1.4a 1 ) 

qh s a(s) = 0, g/i s a(s) = 0. 

Note that, for fixed hgR, a(a), a(a) satisfy relations (3.1.3a)-(3.1.3d), (3.1.4a)-(3.1.4d) 
with w, w replaced by a(a), a(a). Using this fact, one easily checks that 

[q,h] = ~h s , [q,~h s ] = 0, (6.1.5a), (6.1.56) 
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[q, h + h s ] = 0, (6.1.6) 
[g,i(O] = 0, [g,i(O] = 0, Cefl- (6.1.7a), (6.1.76) 

Let r G /\*0 V ® V* V be such that, for any connection a on a, r[a] := r(a, a) belongs to 
abasic nkera. By (6.1.5a) and the fact that hr[a] = 0, 

h s r[a(s)] = -hqr[a(s)}. (6.1.8) 

We note that, by (6.1.2c), (6.1. 2d), (6.1.4a), (6.1.4b), qr[a(s)] is necessarily of the form 
gr[a(s)] = sa(s\a), where a(s\a) is a polynomial in s. From this expression and (6.1.2a), 
(6.1.2b), it follows that h s qr[a(s)] — qr[a(s)]. By (6.1.6), one has then 

hqr[a(s)] = q(h — l)r[a(s)]. (6.1.9) 

Further, from (6.1.7a), (6.1.7b) and the fact that z(£)r[a] = 0, i(£)r[a] = 0, 

i(0qr[a(s)] = 0, i(S)qr[a(s)] = 0, ^g. (6.1.10a), (6.1.106) 

For any element x of s®a of the form x = sa(s) with a(s) a polynomials in s, we define 
I[o l] x = Jo a ( a )do', where the right hand side is an ordinary Riemann integral. It is 
obvious that, for any element of f(s) of s®a polynomial in s, h s f(s) is of the above form 
and — Jj Q 1 j h s f(s) = /(l) — /(0). From (6.1.8), one has thus 

r[a(l)] - r[a(0)] = h / qr[a(s)]. (6.1.11) 

i[0,l] 

By (2.1.12b), the right hand side of (6.1.11) belongs to da. From (2.2.12a), (6.1.9), 
(6.1.10a), (6.1.10b), if r[a] belongs to a^ asic for any connection a on a, then qr[a(a)} belongs 
to a£~i C for a G R, so that f^ Q ^qr[a(s)] belongs to a£~ ic , too. □ 

Consider the N = 1 Weil superoperation w (cfr. subsect. 5.1). Then w is a 
connection on w with curvature <p (cfr. eq. (3.1.9)). 

Given an iV = 1 q superoperation a with unity, one can define the graded tensor 
product N = 1 q superoperation w®a (cfr. subsect. 4.1). The latter is the equivariant 
N = 1 superoperation associated to a. The equivariant co ho mo logy of a is, by definition 
the basic co ho mo logy of w®a: 

<uiv(a) = ^asicMa), peZ. (6.1.12) 
An equivariant cohomology class of a is represented by elements of w(g)a of the form 
r(uj,4>), where r G f\* g v <E> V* V ® a. The Weil generator cj constitutes a connection 
of w<8>a. If a is a connection of a, a is a connection of wd>a as well. By prop. 6.1.1, 
r(u, 4>) is equivalent to r(a, /) in equivariant cohomology. On the other hand, r(a, /) is a 
representative of a basic cohomology class of a, which, by prop. 6.1.1, is independent from 
a in basic cohomology. Thus, there is a natural homomorphism of -ffequiv( a ) i n t° -^ ba sic( a )' 
called N = 1 Weil homomorphism. 

6.2. The N = 2 case 

Let a be an iV = 2 q superoperation with unity. 
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Definition 6.2.1. A connection (cla)a=i,2> on a is a doublet of a <S> Q satisfying re- 
lations (3.2.10a), (3.2.10b), (3.2.11a), (3.2.12a), (3.2. 12e), (3.2.12%) with oj a substituted 
by a A - 



The derived connection 



b=±e KL d K a L (6.2.1) 
and the curvature and derived curvature 



f'AB = \ {dAas + d B aA + [aA, a B ]), 

(6.2.2a), (6.2.26) 

9 A = -\e KL d K d L a A - \e KL [a K , d L a A ] - \e KL [a K , [a L , a A ]] 



satisfy relations (3.2.10c)-(3.2.10h), (3.2.12b)-(3.2.12d), (3.2.12f)-(3.2.12h), (3.2.12j)-(3. 
2.121) with 7, (j>ABi Pa substituted by 6, /as, Qa, respectively. In particular, being 
j(OfAB = 0, j A (0fBC = 0, j(0#A = 0, j A (09B = for any f G 0, f A B, 9A are 
horizontal. a A , b, fAB, 9a together satisfy (3.2.11b)-(3.2.11h). 

We denote by Conn (a) the set of the connections of the N = 2 superoperation a. 
Conn (a) is an affine space modelled on a 2 ' 1 <S> 0. 

Proposition 6.2.1. Let r e A*(fl v ®K 2 ) <g> V* V ® V*(fl V ® V 2 r2 ) ® A*(0 V ® r2 ) &e 
smc/i £/m£, /or any connection (0^)4=1,2 £ Conn(a), r(a,b, f,g) is a representative of some 
element of H^ ic (a) (see above eq. (5.2.3a) for the definition of the notation). Then, the 
basic cohomology class [r(a,b, f,g)] is independent from the choice o/(«a)a=i,2- 

Proof We generalize the methods of ref. [32]. Consider the N = 2 superoperation s 
generated by s, s^, § of degree 0, +1, +2, respectively, with 

h s A s = 0, h s A s,B = 0, 

h S A$ = -S,A, h s A ,BS = 0, 

h s A,cs,B = ~€bcs,a, h s A ,B§ = -e A B§, (6.2.3a) - (6.2.3i) 

h s A S = S tA , h s A S,B = CABS, 

~h s A s = 0, 

z s (£) = 0, i s , A (ti) = 0, ? s (O = 0, ?G . (6.2.4a) - (6.2.4c) 
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Next, we consider the graded tensor product superoperation s£g>a and the subalgebra c 
of sC§)a generated by the elements of the form o,a(s), h s ao>b(s), h s Ah s bcic(s), cia,b(s), 
h s aclb,c(s), h s Ah s Bac,D(s), aA(s), h s aclb{s), h s Ah s boc(s), where a^ : R h-> a <g> g, 
A = 1,2, is a polynomial such that, for fixed a G R, a^(a) is a connection of a and 
(ia,b{g) = — hsO'A(o'), 5, a (c) = ^e KL hKhL(iA(( T )- Next, we define a degree derivation g 
on c by 

qa A {s) = 0, ?aA,s(s) = -^ s b«u(s), 

qa A (s) = -e KL h s k cia,l(s), qh s aob(s) = 0, 

q~h s Aa B ,c(s) = e A c^ KL h s Kh s L aB{s), qh s A a B (s) = \e KL h s K h s lci b ,a(s), 

q\e KL h s K h s L a A {s) = 0, q^e KL ~h s K ~h s L a A ,B^) = 0, 

q\e KL ~h 8 K ~h a L ~a A {s) = 0. 

(6.2.5a) - (6.2.5i) 

Note that, for fixed a G R, a(a), a^cr), a(cr) satisfy relations (3.2.3a)-(3.2.3i), (3.2.4a)- 
(3.2.4i) with w, wa, w replaced by a(cr), 0^(0"), a(cr). Using this fact, one easily checks 
that 

[q, h A ] = ~h S A, [q, h s A ] = 0, (6.2.6a), (6.2.66) 

[q,h A ,B + h S A,B] =0, (6.2.7) 
[q,z(O]=0, [g,M(O] = 0, [?,*(O] = 0, £€g. (6.2.8a) - (6.2.8c) 

Using (6.2.6a), it is easy to show that 

[q, \e KL ~h K h L \ = e KL ~h s K h L , \ [q, [q, \t KL h K h L \\ = \e KL ~h s K ~h s L . (6.2.9a), (6.2.96) 

Let r G A*(0 V ® r2 ) ® V*(fl V ®® 2 r2 ) ® A*(fl V ® r2 ) be such that > for an Y connection a A , 
A = 1,2, on a, r[a] := r(a, a^a) belongs to abasic H ru=i,2ker/iA- Using (6.2.9a), (6.2.9b) 
and the fact that a^rfa] = 0, it is easy to see that 

\t KL ~h s K h s L r[a(s)} = \e KL ~h K h L \q 2 r[a{s)}. (6.2.10) 

We note that, by (6.2.3g)-(6.2.3i), (6.2.5a)-(6.2.5f), \q 2 r[a(s)} is necessarily of the form 
^q 2 r[a(s)] = sa(s\a) + \t KL s : KS,Lfi{s\a), where a(s\a), f3(s\a) are polynomials in s. From 
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this expression and (6.2.3d)-(6.2.3f), it follows that h s A,B^Q 2 f[a(s)] = — e A B^q 2 r[a(s)]. 
By (6.2.7), one has then 



h A ,B^q 2 r[a(s)] = \q 2 (h A ,B + e AB )r[a(s)}. (6.2.11) 

Further, from (6.2.8a)-(6.2.8c) and the fact that i(£)r[a] = 0, i, A (£)r[a] = 0, i(£)r[a] = 0, 

i(0|? 2 r[a(s)] = 0, i, A (Olq 2 r[a(s)} = 0, i(£)±q 2 r[a(s)] = 0, £ G g. 

(6.2.12a) - (6.2.12c) 

For any element a; of s®a of the form x = sa(s) + \e KL ' s^ks,l(3{.s) with a(s), (3(s) polyno- 
mials in s, we define Jj ^ a; = Jq 1 ct;((7)dcr, where the right hand side is an ordinary Riemann 
integral. It is not difficult to show that, for any element of f(s) of sd>a polynomial in s, 

(6.2.10), 



7}€*^h s K h s l/(s) is of the above form and Jj ^ \t KL h s xh s l/(s) = /(l) - /(0). From 



r[a(l)] - r[a(0)] = \e KL h K h L I \q 2 r[a(s)}. (6.2.13) 

J [0,1] 

By (2.2.14d), the right hand side of (6.2.13) belongs to \e KL d K d L a. From (2.2.14a), 
(2.2.14b), (6.2.11), (6.2.12a)-(6.2.12c), if r[a] belongs to a^ ic for any connection a A on 
a, then ^q 2 r[a(a)] belongs to for a G t, so that Jj Q ^ \q 2 r[a(s)] belongs to a^r , 

too. □ 

Consider the N = 2 Weil superoperation w (cfr. subsect. 5.2). Then, cu^ is a 
connection of w with derived connection 7 and curvature and derived curvature 4>ab, Pa 
(cfr. eqs. (3.2.9a)-(3.2.9b)). 

Given an N = 2 g superoperation a, one can define the graded tensor product N = 2 g 
superoperation w®a (cfr. subsect. 4.2). The latter is the equivariant N = 2 superoperation 
associated to a. The equivariant cohomology of a is by definition the basic cohomology of 
wC§)a: 

#e n q L(a) = ASSc(w®a), (n,p) eNxZ. (6.2.14) 

An equivariant cohomology class of a is represented by elements of w®a of the form 

r(w,7,0,p), where r G A*(fl V ®^ 2 ) ® V* V ® V*(0 V ® V 2 r2 ) ® A*(0 V ® r2 ) ® a. The 
Weil generator uj a constitutes a connection of w®a. If is a connection of a, a a is a 
connection of w®a as well. By prop. 6.2.1, r(u, 7, 4>, p) is equivalent to r(a,b,f,g) in 
equivariant cohomology. On the other hand, r(a, 6, /, g) is a representative of a basic 
cohomology class of a, which, by prop. 6.2.1, is independent from a A in basic cohomology. 
Thus, there is a natural homomorphism of H^ iv (a) into H^ ic (a), called N = 2 Weil 
homomorphism. 
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7. Super-operations of a smooth manifold with a group action 

Let M be a smooth m dimensional real manifold. Thus, M is endowed with a collection 
of smooth charts (U a , x a ), a G A, in the usual way. Let M carry the right action of a real 
Lie group G with Lie algebra q (see ref. [33] for an exhaustive treatment of the theory of 
manifolds with a group action). 

Let s be a real Grassmann algebra such that s° ~ ffiL 

7.1. N=l differential geometry 

Definition 7.1.1. An N = 1 differential structure on M is a collection {(U a , X a )\a G 
A}, where 

i) {U a \a G A}is an open covering of M; 

ii) for each a G A, X a : U a i— > (S^)" 1 and x a = X a \g =0 : U a h- > IR m zs a coordinate of M; 
Hi) for a, 6 G A swc/i £/ia£ U a ^Ub ^ 0, X a = £a ° £6 _1 (^>)- 

Below, we shall omit the chart indices a, 6, . . . except when dealing with matching 
relations. 

We write as usual 

X i = x* + 6x\ X* = x\ 

where x % : U i— > R, : £7 i— > s 1 . 

We introduce the N = 1 covariant super derivatives 

where d x i = d/dx\ One has relations 

[A, 1^=0, [D i ,D j ]=0, 
[Di, Dj] = 0. 

Further, 

AI J = 0, = 

(7.1.4a) - (7.1.4d) 

DiXi = 6i, DiX3 = 0. 



(7.1.1a), (7.1.16) 



(7.1.2a), (7.1.26) 



(7.1.3a) - (7.1.3c) 



Using (7.1.1a), (7.1.1b), it is straightforward to check that relations (7.1.4a)-(7.1.4d) com- 
pletely characterize Di, D^. 
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The transformation properties of X 1 under chart changes, stated in def. 7.1.1, imply 

that 

Xj = X b W bj X a \ (7.1.5) 

Using that (7.1.4a)-(7.1.4d) completely characterize Di, Di, one can show easily that they 
match as 

D ai = D ai X b W bj , D ai = D ai X b W bj + D ai X b W bj . (7.1.6a), (7.1.66) 

We denote by T the sheaf of germs of smooth N = 1 functions on M generated by 
X 1 , X 1 . By definition, a generic element F G J~{U) is a finite sum of the form F = 
^2p>o fh—ip ° XX 11 ■ ■ ■ X lp for certain smooth maps fi 1 ..-i p : M m i— > IR antisymmetric in 

' tip- K is eas Y to see that 



F = J2 [ F n +ed xl0 F lz ... tp x^Y 1 (7-1-7) 

where F il ... ip = f^.-i ° x. T has a natural grading corresponding to the total s degree of 

x\ 

We define on U a n U b ^ 0, 

Z a b j = F>bjX a \ (7.1.8) 

It is easy to see that Z is a GL(m,jF) 1-cocycle on M. Z is called the fundamental 
1-cocycle of the N = 1 differential structure. One can introduce in standard fashion the 
sheaf T r ^ s := T(Z® r ® Z y ® s ) of germs of smooth N = 1 sections of Z® r ® Z y ® s . We 
denote by f# r)S the real vector space of sections of jF r s on M. 

Notice that fg r)S ~ f 0r)S , since, by (7.1.7), any F G F(U) is completely determined by 
f = F\ e=0 . 

z = Z\e =0 is nothing but the tangent bundle 1-cocycle of M. By (7.1.1b), (7.1.5), 
for, s p , and thus also Ur,s P by the previous remark, can be identified with the space of degree 
p smooth tensor fields of type r, s on M. 

We are particularly interested in the space f<9o,o, which is a graded algebra. 

We define 

H = X l D u H = -X'D,. (7.1.9a), (7.1.96) 

Using (7.1.5), (7.1.6a), (7.1.6b), it is easy to see that H, H are globally defined derivations 
on f eo ,o- 

Denoting by c£ the fundamental vector field on M induced by £ G 0, we define further 
1(0 = C*£A, /(£) = C^Di + X'D/^n, (7.1.10a), (7.1.106) 
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where C£ is the element of fei,o° corresponding to c£ given explicitly by C 1 ^ = + 
9x^d x jC 1 ^. By (7.1.6a), (7.1.8), /(£), /(£) are also globally defined derivations on foo,o- 

Using the relation -DjC 7 ^ = 0, it is now straightforward to verify that H, H, I, I 
satisfy relations (2.1.2a)-(2.1.2c), (2.1.5a)-(2.1.5c), (2.1.8a)-(2.1.8d). In this way, f eo ,o 
becomes a Z graded real left module algebra of the Z graded real Lie algebra t# (cfr. sect 
2.1). 

Thus, f := foo,o acquires the structure of N = 1 g superoperation (cfr. def. 4.1.1), the 
relevant graded derivations being 

h = x l d xl , h = -x l d xi (7.1.11a), (7.1.116) 

i(0 = c l id xl , = c % id xl + x j d xj c^d xi . (7.1.12a), (7.1.126) 

This superoperation is canonically associated to the N = 1 differential structure. 

Now, from (7.1.7) and (7.1.5), it appears that the graded algebra f is isomorphic to 
the graded algebra of ordinary differential forms on M. Under such an isomorphism, the 
derivations k, d, defined in (2.1.12a), (2.1.12b), (2.1.13a), (2.1.13b), correspond 

to the form degree k^R, the de Rham differential ddR, the contraction jdR(0 an d the Lie 
derivative idR(C)) respectively. Therefore, the above is nothing but a reformulation of the 
customary theory of differential forms, so that, in particular, the (basic) cohomology of f 
is isomorphic to the (basic) de Rham cohomology. 

Theorem 7.1.1. There is an isomorphism of the N = 1 (basic) cohomology off the 
de Rham (basic) cohomology of the (G) manifold M. Indeed, one has that H p (f) = 



(^basic(f) = 0), except perhaps for < p < m, and 

H?(f)^H p dR (M), 0<p<m, (7.1.13) 

^asicffl ^ ^R basicM < p < TU. (7.1.14) 

Proof. See the above remarks. □ 



Recall that a connection y on the G space M is a q valued 1 form satisfying relations 
(3.1.10a), (3.1.12a), (3.1.12c) with j, /, uj substituted by jdR, /dR, V respectively [33]. We 
denote by Conn(M) the affine space of the connections on M. 

Theorem 7.1.2. One has 

Conn(f) ~ Conn(M) (7.1.15) 

(cfr. def. 6.1.1). 
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Proof. Any a G f 1 <g) g is locally of the form a = aix 1 , where a^ is a g valued smooth 
map. Define A(a) = ciiddRX 1 . Then, by the above remarks, A(a) is a connection of M if 
and only if a is a connection of f. The map A is obviously a bijection. □ 

7.2. N=2 differential geometry 

Definition 7.2.1. An N = 2 differential structure on M is a collection {(!7 a ,X a )|a G 
A}, where 

i) {U a \a G A}is an open covering of M; 

ii) for each a G A, X a : U a \— > (S®) 171 and x a = X a \g =0 : U a i— > lR m a coordinate of M; 
Hi) for a, 6 G A such that U a fl Ub ^ 0, X a = x a o £ fc _1 (X;,). 

Below, we shall omit the chart indices a, 6, . . . except when dealing with matching 
relations. 

We write as usual 

= x* + e A x\ A + \e KL e K e L x\ x\ A = x\ A + e AK e K x\ 

(7.2.1a) - (7.2.1c) 

X 1 = x\ 

where x % : U i— > M, x\ A : U i— > s 1 , : £/" i— > s 2 . 

We introduce the N = 2 covariant super derivatives 

Di = dxi + £KLd K d x i' L + \eKhO K L d x i, D ijA = e A K(d xi ' K + 9 K d xi ), 



where d x i ,A = d/dx l ;A , d x i = d/dx l . One has 

[Di, Dj] = 0, [D it D jA ] = 0, [Di, Dj] = 0, 
[D ijA ,D jtB ] = 0, [D ijA ,Dj]=0, [D i ,D j ]=0. 



(7.2.2a) - (7.2.2c) 



(7.2.3a) - (7.2.3/) 



Further, 



DiXi = 0, DiX\ A = 0, DiXi = 6j, 

D hA XJ=0, D hA X\ B = e AB 5l, D ijA X^ = 0, (7.2.4a) - (7.2.4z) 

biXi = si, biX\ A = o, biXi = o. 
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By (7.2.1a)-(7.2.1c), relations (7.2.4a)-(7.2.4i) completely characterize D h D ijA , Di. 

The transformation properties of X 1 under chart changes, stated in def. 7.2.1, imply 

that 



X a l ,a = X b \ A D bj X a l , X a l = X b j D bj Xa + \e JK X b J \jX b k )K D bj D bk X a l . 

(7.2.5a), (7.2.56) 

Using that (7.2.4a)-(7.2.4i) completely characterize D i: Di^A, Di, one can show easily that 
they match as 



D a i — D ai X b 3 D b j, D aij A — D ai X b J ,AD b j + D ai X b 3 D b ^A, 



D ai = D ai X b W bj + e KL D ai X b \ K D bkjL + D ai X b W bj . 



(7.2.6a) - (7.2.6c) 



We denote by T the sheaf of germs of smooth N = 2 functions on M generated by 
X 1 , X 1 ^, X 1 . By definition, a generic element F E J~{U) is a finite sum of the form 
F = f/ 1 "', Ip i i ° XX 11 ^ ■ ■ -X^ i X 1 p +1 ■ ■ ■X'-p+i for certain smooth maps 

fil---ipi p+1 ---i p+q '■ ^ m l— * ^ antisymmetric in the pairs (h, Ii), • • ■ , (z p , I p ) and symmetric in 
ip + i, • • • , ip+q- It is straightforward though tedious to show that 

2m qo 



f = yv f 7i "> 



p=0 <j=0 



l p + <3 ' 1 ' 2 



K 



h-Ip 



S °d F 

w K^ l o i 1 ---ipi p+1 ---ipj rq 



x 10 ,i x l \ h x l \ l2 - V e KIx F ix 



Il-Ip 



»2 , ~n 



'^p^p-\-1'''^p-\-q 



x ,i 2 x 



+ \^klO k O l 



2 fc u i-i u %o r i 1 ---ipip +1 ---i p+q x J-i x ,Iq x ,h x ,h 



Ji-Ip 



-L. f). fT Il '" I p T h r «2 z,io _ n x.U)a. p J i'-- J P i r ^2 ~«i 

t G 'io- r i 1 .--i p i p+1 ---i p+(3 x ,/ 2 x / ;o / 1 G 'io- r ii---i p i p+ i---i p+(3 x ,/o x ,I2 X 



h-Ip 



' ' '1p-\-q 



x ll x 12 



T l 3 T ... T l P T r/, l p+l . . . r/, l p + q 

,i3 jip"*' ) 



(7.2.7) 



where F- 1 "'■ *!■ • = f 1 "'• • ox. T has a natural grading corresponding to the 

L\ • • • lp t-p + 1 ' ' ' t-p + g 17 fc l " ' fc p + 1 " ' l p-\-q 

total s degree of x l j, x l . 

We define on U a n t/ 6 ^ 0, 



■^a6*j — D b jX a l . 
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(7.2.8) 



It is easy to see that Z is a GL(m,jF) 1-cocycle on M. Z is called the fundamental 1 
cocycle of the N = 2 differential structure. One can introduce in standard fashion the 
sheaf T r , 9 := T(Z® r <g> Z y ® s ) of germs of smooth N = 2 sections of Z® r ® Z y ® s . We 
denote by Ur, s the real vector space of sections of jF r s on M. 

Notice that fer,s — for,s, since, by (7.2.7), any F e F(U) is completely determined by 
f = F\ e=0 . 

z = Z\e =0 is nothing but the tangent bundle 1-cocycle of M. However, unlike the 
N = 1 case, there is no simple geometrical interpretation of the spaces fo r , s p , hr,s P - 
We are particularly interested in the space feo,0; which is a graded algebra. 
We define 



Ha = —X\ADi, Ha,b = X\ADi^B — tABX % Di 

(7.2.9a) - (7.2.9c) 

Ha = XWi^A — X\aDi. 



Using (7.2.5a), (7.2.5b), (7.2.6a)-(7.2.6c), it is easy to see that Ha, Ha,b, Ha are globally 
defined derivations on f#o,o- 
We set next 



1(0 = C^Dt, I, a(£) = X^ADjC^Di + C^D ijA , 



7(0 = [XWj&S + ^e KL X\ K X\ L D k D l ^qD l + e KL X\ K D k C^D ijL + C^D h 

(7.2.10a) - (7.2.10c) 

where C£ is the element of ^ei,o corresponding to c£ and is given explicitly by C 1 ^ = 
c^ + e K x\ K d XJ c^ + ^e KL K e L [^d XJ c^ + ^e MN x\ M x k , N d XJ d xk c^]. By (7.2.6a), (7.2.8), 
7(0, 7^(0, 7(0 are globally defined derivations on Uo,o- 

Using the relation D^C^ = 0, T^^C-^ = 0, it is now straightforward to verify that 
77a, H a ,b, H a , 7, 7 A , 7 satisfy relations (2.2.2a)-(2.2.2f), (2.2.6a)-(2.2.6f), (2.2.9a)- 
(2.2.9i). In this way, f^o,o becomes a Z graded real left module algebra of the Z graded 
real Lie algebra tg (cfr. sect 2.2). 

Thus, f := foo,o acquires the structure of N = 2 q superoperation (cfr. def. 4.2.1), the 
relevant graded derivations being 

h A = -x\ A d xi , h A ,B = x\ A e B Ld x v L - e A BX l d xi 

(7.2.11a) - (7.2.11c) 

h A = x l e A Ld xi ' L - x\ A d xi . 
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i(f ) = (?0 xi , i,A(0 = c^e AL d x ^ L + x\ A d xi c%d xi , 

= c*£d xi + x\ K d xj c i id xi ^ K + x j d xj c^ + \e KL x k ^ K x\ L d xk d x ic l i 



(7.2.12a) - (7.2.12c) 

This superoperation is canonically associated to the N = 2 differential structure. 

In spite of the fact that, in the N = 2 case, f does not have any simple geometrical 
interpretation, unlike its N = 1 counterpart, the (basic) co ho mo logy of f in the N = 2 
case has essentially the same content as that of the N = 1 case and a theorem analogous 
to theor. 7.1.1 holds. 

Theorem 7.2.1. There is an isomorphism of the N = 2 (basic) cohomology off the 
de Rham (basic) cohomology of the (G) manifold M . Indeed, one has that H n ' p (f) = 
(^basic(f) = ®)> exce Pt perhaps for (n,p) = (1, 0), (r, r + 1) with 1 < r < m, and 



H 1 ' ® ~ # d ° R (M), H^+\f} ~ H r dK (M) ® V 



r- lira 2 



1 < r < to, (7.2.13a), (7.2.136) 



^;sic(f) * #d°R basic(M), fl^f) ~ AJr basic (M) ® V 



r-l T 



1 < r < to. 
(7.2.14a), (7.2.146) 



Proo/. By prop. 4.2.2, H n >P(f) = (#basic( f ) = °) except perhaps for p = ±n+ 1. On 
the other hand, from the definition of f, given above, P' p = for p < 0. So, H n ' p (f) = 
(i^basic(f) = 0) except perhaps for (n,p) = (1,0), (r, r + 1) with 1 < r. Consider first the 
case where (n 7 p) = (1, 0). From (7.2.9b) and the representation theory of i = sl(2 : R)©R, it 
is immediate to see that f 1 ' consists precisely of the F of the form F = a for some smooth 
function a on M and that f 1 ' -2 = 0. Further, the conditions d A F = is equivalent 
to ddRCt = 0, hence to the local Constance of a. We thus have a linear bijection v : 
f 1 ' fl n y 4=i,2kera' J 4 i— > Z^ R (M), where Z^ R (M) is the space of closed r forms, given by 
Fna. Being f 1 '" 2 = 0, (7.2.13a) follows. (7.2.14a) also holds, as, clearly, f 1 ' = fj£ ic and 
Z° R (M) = Z^ R basic (M). Consider next the case where (n,p) = (r, r + 1) with 1 < r. Let 
F G T' r+1 . From (7.2.9b) and the representation theory of i = sl(2, R) © R, F is locally of 
the form 



F = x 11 



A x • • • 



i, — i 



X r 



Ai-A r -i , 1 MN i r T i r +i /^i-'V-i 



(7.2.15) 



with CK^.^^j 1 a realvalued smooth map symmetric in and antisymmetric 

At---A _i 

in ii,---,z r _i and /5 il ...j r _ r 1 i r j a realvalued smooth map symmetric in Ai,---,A r -i, 
antisymmetric in ii, • • • ,i r -i and symmetric in i r ,i r+ i. Next, assume that d A F = 0. 
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Substituting (7.2.15) into the relation dA-^Ai— A r _i = and taking into account the fact 
that terms with different numbers of x l j, x l are linearly independent and, thus, must 
vanish separately, one gets the following three identities 

x i \ Al -..x^-\ Ar _ 2 x i ^x i ^X:;l r = 0, (7.2.16a) 



Ax ' - - * ,A r _ 2 
+ X n ,Ai • • •£ V " 1 ,A 7 ._i 



_ r V ^r-l , V + i Z.irf) . fy A l— A r- 1 

J- ,A-t- / J i 1 --- lT ,_ llT , lT , , ! t x ,A X u xi r +i ui t 1 ...t r ._ 1 t r . 



' I ;| ■ ■ \_l r I r i ;| " 1 " '-'.lit l 1 1 / j . . . / i i ; ^5 

(7.2.166) 

* 41 ,Ax • • • ^ ^ ie MAr x^ , M ^ +1 , N x^ ,Ad xir+ jt:^ rir+1 = 0. (7.2.16c) 

From (7.2.16a), using the symmetry properties of cif^.'.'.'^'i and the fact that x 1 ^, 5 J 
are odd, even, respectively, it follows immediately that ctf^.'.'.'^'i ^ + = 0. 

Since o^..^"** is already antisymmetric in ii, ■ ■ ■ , i r -i, <xf 1 1 ."'i^ r ~ 1 is antisymmetric in all 
the indices i±, • ■ ■ , i r . Thus, for fixed A±, ■ ■ ■ , A r -i, the Oif^]]' j ^ r ~ 1 are the coefficients of 
a local r form a Al ' " Ar ~ 1 . Next, applying the derivation «b (cfr. eq. (7.2.11a)) to eq. 
(7.2.16b) and contracting with e BA , one gets 

A x ---A, 



X ,A t ---X ,A r _i 2 e ^ ,NP il ...i r _ 1 i ri . 1 



~ -r* 1 ^ . . . rp^r — 1 „ 1 MN i r „,™i r +l Ar( Q . ri , A l" -A '— 1 /7 17\ 



Applying to this relation, one gets 

V ^-)^AA r ^X ,A t '--X A-2 2 e X ,AT^ Pi 1 ...i r - 1 i r i r+1 



(7.2.18a) 



X ,A X ---X ,A r _ 1 2 e x ,M X ,N X ,A°x%r+2Pi 1 :.i r - 1 i r 



2 

-x 11 ,A 1 , "2 ;!r ~ 1 ,4 r _i2 e x%r ,M x%r+1 ,nx 1t+2 ,Ad x i r+1 d x i r+2 a 



1"'A, 1 



r + 1 

(7.2.186) 
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Substituting (7.2.18a), (7.2.18b) into (7.2.16b), (7.2.16c), respectively, one obtains after a 
straightforward calculation the equations 

r+1 

^•••^-a^^a^ (7.2.19a) 

l=i 

j\A 1 -"X*-^_ 1 \^ N x* iM x^\ N x^^d^ 1 d^a£££ = & (7.2.1%) 

Using the symmetry properties of and the fact that x 1 ^, x l are odd, even, respec- 

tively, it is easy to see, that (7.2.19a) implies that Xw=i( — ^Y -1 ^^^ 1 ...^^ 1 ...i r+1 = 
or ddRCt Al '" Ar ~ 1 = so that the local r form ct" 4l "'" 4r ~ 1 is closed and locally exact. By 
this reason and the fact that x l jd x ix\jd x j x^dxk = by antisymmetry, one finds that 
eq. (7.2.19b) is automatically satisfied. We note that, by (7.2.5a) and the global definition 
of F, the local exact r form a Al '" Ar "' 1 is the local restriction of a globally defined closed 
r form, which will be denoted by the same symbol. To summarize, we have shown that 
(7.2.16a)-(7.2.16c) imply that, for fixed A±, • • • , ^4 r _i, a Al "' Ar ~ 1 is a closed r form and 
that (7.2.17) holds. Conversely, assume that for fixed A\, ■ ■ ■ , A r -i, a Al "' Ar ~ x is a closed 
r form and that (7.2.17) holds. Using (7.2.5a), (7.2.5b), it is straightforward though te- 
dious to show that F, as given by (7.2.15), belongs to f ,r+1 . As shown above, (7.2.17) 
implies (7.2.18a), (7.2.18b) using which eqs. (7.2.16b), (7.2.16c) become equivalent to eqs. 
(7.2.19a), (7.2.19b). Eqs. (7.2.16a), (7.2.19a), (7.2.19b), are trivially satisfied by the closed 
r form a Al "' Ar - x . Thus, (7.2.16a)-(7.2.16c) are satisfied as well implying that (LaF = 0. 
In conclusion, we have shown that f> r+1 n ru=i,2kerd)^ consists precisely of the elements 
F e f' r+1 of the form 

F = x*\ Al • • .s*-^ [^at^;} + ^e MN x^, M x^\ N d xlr+1 at:t^ 

(7.2.20) 

with an r form symmetric in Ai, • • • , A r _i and such that ddRa Al '" Al "~ 1 = 0- We 

thus have a linear bijection v : f' r+1 n n A =i,2kerd A i-> Z% R (M) <g> r2 > where Z r dK (M) 
is the space of closed r forms, given by F i— > (a Al '" Ar - 1 )A 1 ,—,A r _ 1 =i,2- Next, assume that 
F e \e KL d K d L f' r - 1 . Then, F = \t KL d K d L G for some G e f' r_1 . From (7.2.9b) and 
the representation theory of i = st(2, M) © M, G is of the form 

G = x i \ Al .-.x i -\ Ar _ 1 lt:.;iT, (7.2.21) 

with if^...^' 1 a realvalued smooth map symmetric in A\, • • ■ , A r _i and antisymmetric in 
ii, • • • , i r -\. By a straightforward computation, one finds that 

+ ^^ M ^,m^+\^ +1 B-l)'" 1 ^^^,.,^,]. (7-2.22) 

z=i 
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Note that the if^.'.'.'^' 1 are the coefficients of a local r — 1 form ^ A i— A r- 1. By (7.2.5a) and 
the global definition of G, -y^i— j s restriction of a globally defined r — 1 form, which 
we shall denote by the same symbol. As (7.2.22) indicates, the linear map v maps cohomo- 
logically trivial elements of f> r+1 n PU^^kercU into cohomologically trivial elements of 
Z r dK {M) <g> V r_1 r2 - Thus , ^ induces a linear bijection z> : H r > r+1 (f) h-> H r dK (M) <g> \J r ~ x M 2 . 
Next, assume that F e f^t 1 and that (i^F = 0. In particular, F is of the form (7.2.20) for 
some closed r form a Al "' Ar - 1 symmetric in Ai, • • • , A r _i. By (2.2.19d), (2.2. 19e) and the 
relation cIaF = 0, the basicity of F is equivalent to the relation j(£)F = 0, £ G 0, where 
by (2.2.15a), is given in the present situation by (7.2.12a). A simple computation 
shows that this identity is equivalent to 

* il ^---**-\A r - 1 j'ta?*:££ = 0. (7.2.23) 

As is straightforward to check, this relation entails that c l ° ^afY^f'* = 0, so that 
3dR(Z)<x Al '" Ar - 1 = 0. As Z dR (£) = [ddR, jdR(C)] and ddRC^ 1 '"^" 1 = 0, the closed r form 
a A 1 —A r _ 1 j g ]3 as i c Conversely, if a Al '" Ar - 1 is basic (7.2.23) obviously holds. So, the lin- 
ear bijection v introduced earlier maps f^lc 1 n l~U=i,2kerGU into ZJ R basic (M) ® V r_1 ^ ■> 
where Z dR basic (M) is the space of closed basic r forms. Let G e f^Yc 1 - Then, G is of the 
form (7.2.21) and satisfies j(£)G = 0, j'a(0C = 0, l(£)G = 0, where j A {£) and /(£) are 
defined by (2.2.15a)-(2.2.15c) and are given by (7.2.12a)-(7.2.12c). It is straightforward 
to see that these identities yields the equations 

^./a • ■■* ir -\ A ,-J T - x tit::t: x = °> ( 7 - 2 - 24a ) 

rr-l -| 

0. (7.2.246) 



X \A 1 ---X '-\ Ar 



Ef) . i r t A l- A v-l +C ir f8 ■ ~, Al '" Ar -' 

U Xll^ U! 1 ...l 1 _ lV !, + 1 ... Vl T 1 ' <s U Xl r J^.. 



V-l 



1=1 



Thus, cHitX'tll = °> E^^Ht^.^^ = °> as is 

easy to see, so that jdR.(€)'y Al '" Ar ~ 1 = and ZdR(£)7 Al '" A, ' _1 = and 7 A i"A-i j s basic. 
Conversely the basicity of 7 ^i-^r-i implies (7.2.24a), (7.2.24b). From (7.2.21), (7.2.22), 
we see that z/ maps cohomologically trivial elements of ^sic H ru=i,2kerGU into cohomo- 
logically trivial elements of Z dR basic (M) <8> \/ r 1 IR 2 . Thus, z/ induces a linear bijection 

= - #dR basic(M) ® K 2 . □ 

A theorem analogous to theor. 7.1.2 also holds. 
Theorem 7.2.2. One has 

Conn(f) ~ Conn(M) (7.2.25) 

(cfr. def. 6.2.1). 
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Proof. From the representation theory of i = sl(2, M) ©R, any a a G f 2 ' 1 <8>fl is locally of 
the form = a^ 1 ^, where ai is a g valued smooth map. Define A((<2a)a=i,2) = ciiddnx' 1 . 
Then, from (7.2.12a)-(7.2.12c), it is easy to see that A((oa)a=i,2) is a connection of M if 
and only if (o,a)a=i,2 is a connection of f. The map A is clearly a bijection. □ 

7.3. The relation between the N = 1 and N = 2 cohomologies off 

Let f(n) denote the superoperation f for AT = n, n = 1, 2, as defined in subsects. 7.1, 

7.2. 

Corollary 7.3.1. One has 

# n - ±n+1 (f(2)) ~ !T ± ^-3> + 3(f(l)) <g> V n_1 ^ 2 5 

ci n+1 (f(2)) - < a 2c" i)+i (f(i)) ® v 71 - 1 ^. 

Proof. Combine props. 7.1.1, 7.2.1. 

Thus, the N = 1 and N = 2 cohomologies of f are closely related 
to relations (5.3.1), (5.3.2). 

Corollary 7.3.2. One has 

Conn (f(2)) ~ Conn (f(l)). (7.3.3) 

Proof. Combine props. 7.1.2, 7.2.2. □ 
Thus, the N = 1 and N = 2 connections of f are manifestations of the same geometrical 
structure. 

8. Concluding remarks 

There are a few fundamental questions which are still open and which are of consid- 
erable salience both in geometry and topological field theory. 

Cors. 5.3.1, 7.3.1 suggest that a relation formally analogous to (7.3.2) should hold 
also between the N = 1 and N = 2 equivariant cohomologies of f (cfr. sect. 6). Further, 
from (7.3.3), we expect that the range of the N = 1 and N = 2 Weil homomorphisms 
(cfr. subsects. 6.1, 6.2) should have essentially the same content. This question is of 
fundamental importance to show conclusively that balanced topological gauge field theory 
does not contain new topological observables besides those coming from the underlying 
N = 1 theory. We have not been able to either proove or disproove such assertions yet. 

There are other possible lines of inquiry. It is known that the N = 1 Maurer-Cartan 
equations of a Lie algebra g can be obtained from the N = 1 Weil algebra relation (3.1.11a) 



(7.3.1) 

(7.3.2) 
□ 

. Note the analogy 
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by formally setting = 0. By a similar procedure, one can obtain the N = 2 Maurer- 
Cartan equations by formally setting cf>AB = 0, pa = in the N = 2 Weil algebra relations 
(3. 2. lie), (3.2.11g). Indeed, it is straigtforward to check that the basic relation [d,A, ds) = 
still holds after this truncation. This hints to a possible N = 2 generalization of gauge 
fixing. 

Finally, note that, by obtaining the N = 2 Weil algebra, we are in the position of 
formulating other models of equivariant cohomology in balanced topological field theory 
besides Cartan's used in [31], generalizing the N = 1 intermediate or BRST model of [7,8]. 

We leave these matters to future work [34]. 
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